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NOMENCLATURE

Acronyms

ACAH Attitude Command Attitude Hold

AHRS Attitude Heading Reference System

DDP Differential Dynamic Programming

DoF Degrees of Freedom

NDI Nonlinear Dynamic Inversion

EKF Extended Kalman Filter

EOM Equations of Motion

FLC Fuzzy Logic Control

KF Kalmn Filter

LTI Linear Time Invariant

MAV Micro-Aerial Vehicle

MIMO Multi-Input Multi-Output

MLPID Multi-Loop PID

MPC Model Predictive Control

MTFC Mamdani-Type Fuzzy Control

NLMPTC nonlinear Model Predictive Tracking Control

NN Neural Networks

PID Proportional Integral Derivative

RCAH Rate Command Attitude Hold

SISO Single-Input Single-Output

TPP Tip-Path Plane

UAS Unmanned Aircraft System

UAV Unmanned Aerial Vehicle

UKF Unscented Kalman Filter
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Roman Symbols

P Particle point mass

V Volume

pI Inertial frame position vector

pB Body-fixed frame position vector

dP (t) Distance of particle from body center of mass

vB Translational velocity vector [u v w]T

FB = OB , ~iB , ~jB , ~kB Body-fixed frame

FI = OI , ~iI , ~jI , ~kI Inertial frame

Fh = Oh, ~ih, ~jh, ~kh Main rotor hub frame

Q = [q0, q1, q2, q3] Quaternion angle representation

~x State vector

~y Output vector

~uc Control input

p Pitch rate, θ̇

q Roll rate, φ̇

r Yaw rate, ψ̇

q0 quaternion constant

qi quaternion parameters

R Rotation matrix

g Gravity

~f Force vector [X,Y, Z]

m Mass

F Force

MCM Moments about the center of mass

G Linear momentum

HCM Angular momentum

Jxx Moment of inertia

Jxy Product of inertia

J Inertia matrix

I Inertia tensor
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a0 Main rotor collective pitch

a1 Longitudinal tilt of main rotor blade

b1 Lateral tilt of main rotor blade

c1 Longitudinal tilt of stabilizer blade

d1 Lateral tilt of stabilizer blade

Rb Main rotor blade length

cb Blade chord

Clα Main rotor blade lift coefficient

CD Main rotor blade drag coefficient

ui Inflow velocity

U Total air velocity on blade

UT U component ‖ to the hub plane and ⊥ to the blade

UP U component ⊥ to the hub plane downward

UR U component radially outward from the blade

V∞ Free stream velocity

Nmb Number of main rotor blades

Ntb Number of tail rotor blades

cθ cosθ

sθ sinθ

tθ tanθ
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Greek Symbols

Θ Attitude vector Θ = [θ, φ, ψ]

ω Angular rate vector [p, q, r]

υ velocity

θ Pitch angle

φ Roll angle

ψ Yaw angle

ψb Blade azimuth angle, ψb = Ωt

Ω Blade angular velocity

τ Moment vector [L,M,N ]

λi, i = 1, 2, 3 Inflow dynamics

δcol Main rotor collective input

δped Tail rotor collective input

δlat Lateral cyclic angle

δlon Longitudinal cyclic angle

β Blade flapping angle

ξ Blade lead-lag angle

ζ Blade pitch/feathering

φb Inflow angle

α Blade angle of attack

Θp Blade pitch angle

αhb Blade α with respect to hub plane

αb Blade α with respect to U

ρ Density

ρa Air density

Sub- and Super-scripts

�CM Center of mass

�p Refers to a point

�N Inertial navigation reference frame

�B Body-fixed frame
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Mathematical Operators and Symbols

S(·) Skew symmetric matrix

�T Matrix transpose

�−1 Matrix inverse

�−T Matrix inverse transpose

�̇ Time derivative

⊥ Perpendicular

‖ Parallel

× Cross-product

x̂ Skew-symmetric matrix
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1 Introduction

Over the past decades, there has been an increasing interest in Unmanned Aircraft Sys-
tems (UAS) with autonomous capabilities for use in military and civilian applications. UAS
include two basic vehicle configurations, fixed-wing unmanned aerial vehicles (UAVs) and
rotorcraft1 UAVs (RUAVs). Each type has its advantages and disadvantages, as well as
specific applications. Fixed-wing UAVs are ideal for long flight and high payload applica-
tions. However, rotorcraft UAVs have the advantage of hovering capability, lending them
to applications including, but not limited to, aerial surveillance, search and rescue, and
reconnaissance in environments and terrain unreachable by fixed-wing UAVs.

Potential applications of RUAVs have grown to include further involvement in law en-
forcement, coast and border surveillance, road traffic monitoring, disaster and crisis man-
agement, agriculture and forestry, as well as search and rescue operations [86]. The ability to
deploy an unmanned vehicle eliminates danger to an onboard human pilot as the craft may
operate in dangerous situations or environments. For example, the ability of the rotorcraft
to maneuver through complex terrain quickly would allow for several small-scale, unmanned
helicopters fitted with state of the art vision systems to be deployed for search and location
of lost hikers or campers. The rotorcraft would be capable of searching a larger area than
a rescue group could. It could then return location information of the lost individuals to a
base station.

A large amount of research has been performed and is ongoing in the area of unmanned
aircraft systems, especially rotorcraft. Various rotorcraft platforms have been explored,
most notably and popular being traditional main and tail rotor configuration helicopters,
quadrotor vehicles, and micro air vehicles (MAVs).

Figure 1: Typical helicopter control flow.

1In this report, rotorcraft, unmanned rotorcraft, unmanned helicopters or helicopter refer to the same
thing.
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Several surveys on advances in RUAV systems [86], [137], [148], [194] have been pub-
lished exploring the work done in the area of guidance, navigation, control, and perception
techniques. These include work from over 25 institutions around the globe engaging in
RUAV research. These surveys include vehicle platforms, control techniques, flight con-
trol system (FCS) design, vision systems, visual perception techniques, and includes a wide
range of vehicles. However, very little detail is provided on the control architectures and
navigation/control techniques themselves.

In 2004, ”Control and perception techniques for aerial robotics”, [137],focusing mostly on
perception techniques, reviewed various methods that have been applied to aerial robotics
including different vehicle platforms, flight control hardware, and a very brief survey of con-
trol architectures and methods.

In 2008, ”A practical survey on the flight control system of small unmanned helicopter”,
[194], reviewed and compared a variety of control methodologies for unmanned helicopters,
including linear, nonlinear, and model-free techniques. This survey provided diagrams of the
control methodologies presented with some discussion of flight modes along with advantages
and disadvantages of each approach.

In 2010, ”Autopilots for small unmanned aerial vehicles: a survey”, [27], presented a
survey of autopilot systems intended for use with small or micro UAVs. This survey focused
heavily on the hardware involved in designing autopilots. There was no comparison of con-
trol methods presented.

In 2011, Linear and nonlinear control of small-scale unmanned helicopters, [148], pre-
sented a description of linear and nonlinear control techniques. Detailed models of both
the nonlinear and linear dynamics of a small-scale helicopter were presented. A summary
of control methodologies was also presented, giving details on the states used for modeling,
vehicle platforms, and the application of the techniques.

In 2012, ”Survey of advances in guidance, navigation, and control of unmanned rotor-
craft systems”, [86], provided a detailed review of research involving RUAVs over the past
20 years, focusing on Guidance, Navigation and Control (GNC). The survey presented clas-
sifications of RUAVs, from full-scale optionally piloted helicopters down to MAVs. An in
depth review was organized by institution, which included the class of vehicle platforms used,
most recent research areas and projects, as well as major achievements and milestones. In
addition, a characterization of levels of autonomy was presented, providing definitions and
categorizations for levels of autonomy in GNC. A summary of advances in modeling and
identification techniques was also provided. Flight control systems were classified into three
main categories: linear, nonlinear, and learning-based controllers. A review of existing work
was outlined, including the specific method (PID, H∞, LQR, etc.), operating condition, and
type of results, whether simulated or experimental. Little detail was provided on the exact
structure of each approach or the states used and in the model design. This work focused
on navigation systems, including hardware, vision techniques and algorithms, sensing tech-
nology, and work conducted with quadrotors and MAVs.

This work was supported in part by NSF CNS-1229236 9
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1.1 Scope and Motivation

This research focuses on surveying existing control methods and modeling techniques with
the objective of determining capabilities and effectiveness of algorithms for unmanned au-
tonomous flight, navigation, obstacle avoidance, and performance of acrobatics. The sur-
veyed control techniques can be fit into one of three categories: linear, nonlinear and
model-free. After summarizing each controller, and its application, each control approach
is categorized accordingly in the comparative table shown in Figure 2. The linear methods
are divided into single-input single-output (SISO) methods and multi-input multi-ouput
(MIMO) methods. Proportional-Integral-Derivative (PID) controllers fall under the SISO
linear control category. MIMO linear controllers consist of linear feedback controllers, such
as linear quadratic regulators (LQG) and linear quadratic Gaussian (LQG), H∞ controllers,
and gain scheduling controllers that may utilize synthesis techniques. Nonlinear methods
are divided into linearized and fully nonlinear methods. Linearized techniques start with a
nonlinear model, and utilize various techniques to linearize the system dynamics, including
input/output feedback linearization. Other methods can then be applied, including adaptive
control, model predictive control (MPC), and nested saturation loops. Lastly, backstepping
control approaches utilize fully nonlinear models. Lastly, model free and learning-based
methods include neural networks (NN), fuzzy logic, and human-based learning techniques.
Human-based learning techniques include differential dynamic programming (DDP) and re-
inforcement learning.

Figure 2: Control techniques

In order to provide the same reference point for comparison purposes, the following
rationale is used:

• Helicopter model and platform

• Method of identification, including parameter estimation and system modeling

This work was supported in part by NSF CNS-1229236 10
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• Control technique and loop architecture

• Flight mode and maneuvers

• Types of results: theoretical, simulated, or experimental

This work was supported in part by NSF CNS-1229236 11
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2 Helicopter Dynamics

Rotorcraft have distinct advantages in maneuverability through the use of rotary blades.
This design allows rotorcraft to produce the necessary aerodynamic thrust forces without
the need of relative velocity. However, control of rotorcraft has inherent complications.
These include the complexity of helicopter dynamics due to their heavy nonlinearity and
significant dynamic coupling between the aerodynamic forces and moments. In addition to
nonlinearity and dynamic coupling, helicopters are underactuated systems, since there are
fewer control inputs than system states.

Figure 3: Basic helicopter configuration showing main and tail rotors.

Helicopter dynamics are generally governed by Six-Degrees-of-Freedom (6-DoF) rigid
body kinematics and dynamics. The forces and moments that affect the vehicle dynamics
are generated by the rotors, body, gravity and aerodynamics. These forces can be either
controlled (e.g. rotor thrust) or uncontrolled (e.g. drag forces, wind gusts). The forces are
modeled as functions of the vehicle states, pilot inputs, and environmental factors.

The modeling of aerodynamic forces is complicated and difficult. In order to achieve high-
fidelity models of the aerodynamic properties of the vehicle, finite-element techniques are
used. This, however, is time consuming and computationally complex. For the purposes of
control design, the system may be divided into lumped-parameter models for each subsystem
using simplified aerodynamics. With this method each subsystem of the helicopter is viewed
separately in order to approximate the dynamics while considering certain assumptions.
This approach can significantly reduce the state space of the system and the number of
parameters describing its behavior. The most basic helicopter configuration consists of a
single main rotor and tail rotor, as shown in Figure 3. In addition to the rotors, other
helicopter components that affect the dynamics are typically lumped into the following
subsystems for modeling purposes:

i Main rotor

ii Tail rotor

iii Fuselage body

iv Tail horizontal stabilizer (fin)

v Tail vertical stabilizer (fin)

vi Stabilizer or flybar

vii Engine

This work was supported in part by NSF CNS-1229236 12
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viii Servo linkages and swashplate

ix Actuators or servos

Figure 4 depicts the typical structure of the helicopter dynamics. The forces and mo-
ments generated by each subsystem are determined and, then, combined into generalized
forces and moments relative to a body-fixed coordinate system. These forces, ultimately,
drive the helicopter’s rigid body dynamics and kinematics equations, which ultimately de-
fine the helicopter dynamic model.

For navigational purposes, a fixed reference coordinate system is established. This is
an Earth-fixed coordinate system defined by the designer of the navigational system, and
fully dependent on where the vehicle will be operating. Typically, GPS (Global Positioning
System) receivers are used for navigational feedback.

2.1 Helicopter Rigid Body Equations of Motion

For a 6-DoF rigid body, the motion of the helicopter is defined relative to an inertial ref-
erence frame in order for Newtonian mechanics to hold true. An inertial reference frame
follows Newton’s first law of motion, where an object is either at rest or moves at a constant
velocity unless acted on by some external force. However, establishing a reference frame
fixed to the helicopter body significantly simplifies the analysis of forces acting on the he-
licopter. In order to derive a set of equations describing the motion of the helicopter two
Cartesian reference frames are established.

The first reference frame is chosen fixed to the helicopter body. In a body-fixed Carte-
sian frame, FB = {OB ,~iB ,~jB ,~kB}; the origin is fixed at the helicopter center of mass. In
this frame, the unit vector ~ib points from the origin outward toward the helicopter nose.
The unit vector ~jB points from the origin to the right of the fuselage. The unit vector ~kb
points downward. The orientation of these vectors in relation to the helicopter body is seen
in Figure 5.

The second reference frame is an inertial Earth-fixed Cartesian frame, which follows the
North-East-Down directional convention. In this Earth-fixed frame, FI = {OI ,~iI ,~jI ,~kI}.
The unit vectors~iI , ~jI , and ~kI , point North, East and down towards the center of the Earth,
respectively, as shown in Figure 6.

Rigid body dynamics are governed by the Newton-Euler laws of motion given in (1) and
(2). These equations ultimately provide information on translational and angular velocities
as a result of forces acting on the rigid body.

Fnet =
d

dt
G(t), (1)

MCM
net =

d

dt
HCM (t). (2)

The net external forces, Fnet, are defined as the rate of change of the body’s linear
momentum, G(t). The net external moments about the body’s center of mass, MCM

net , are

This work was supported in part by NSF CNS-1229236 13
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Figure 4: Helicopter dynamics.
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Figure 5: Body-fixed frame coordinate system, [148].

Figure 6: North-East-Down Earth-fixed reference frame, [41].
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equal to the rate of change of angular momentum about the center of mass, HCM . These
moments are derived here for a rigid body following the procedure in [12].

For a point mass m with linear velocity v, the linear momentum is defined as:

G(t) = m(t)v(t). (3)

The angular momentum of the point mass about a point is defined in (4), where dP is
the distance of the mass from the point.

H(t) = d(t)×m(t)v(t). (4)

For a rigid body, the linear momentum is defined as the sum of infinitesimal linear
momentums of particles that make up an entire body. For each particle, the mass is defined
as infinitesimally small, dm, for an infinitesimally small volume dV of density ρ. The total
linear momentum is summed for each particle over the volume of the object:

G =

∫
V

vdm, where dm = ρdV. (5)

The total angular momentum of the mass about some point is defined as a sum of
infinitesimal angular momentums of particles:

H =

∫
V

d× vdm. (6)

The position of a particle P relative to the inertial reference frame, pPI is given as:

pPI (t) = pCMI +R(t)dPB (7)

where pCMI is the position of the helicopter center of mass with respect to the inertial frame,
R(t) is a rotation matrix between the body-fixed frame and inertial frame, and dPB is the
distance of the particle from the center of mass with respect to the body-fixed frame.

The translational velocity of the particle relative to the inertial reference frame is ob-
tained through differentiation of (7) and is given as:

vPI (t) = vCMI (t) + Ṙ(t)dPB (8)

where vCMI is the translational velocity of the helicopter center of mass relative to the inertial
reference frame. The linear momentum is found by evaluating the integral over the volume
of the body:

GI(t) =

∫
V

(vCMI (t) + Ṙ(t)dPB)dm = vCMI (t)

∫
V

dm+ Ṙ(t)

∫
dPBdm. (9)

The center of mass of an object is defined as:

d̄CM =
1

m

∫
V

dP dm. (10)

Typically, the body-fixed frame origin is defined at the helicopter’s center of mass. Since
the center of mass from the body-frame origin coincides with the body-fixed frame origin,
d̄CMB = 0. By equating this with (10) and assuming mass is non-zero, then:

This work was supported in part by NSF CNS-1229236 16
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∫
V

dPBdm = 0. (11)

Additionally, the total mass m is found through integration of the infinitesimal point
masses over the entire volume of the body and is given as m =

∫
V
dm. Using these simpli-

fications the final linear momentum equation becomes:

GI(t) = mvCMI (t). (12)

Next, using (8) the angular momentum about the helicopter’s center of mass with respect
to the inertial frame origin is evaluated as:

HCM
I (t) =

∫
V

{dPI (t)× vCMI (t)}dm+

∫
V

{dPI (t)× Ṙ(t)dPB}dm. (13)

Here, dPI is the distance to the point from the center of mass with respect to the inertial
reference frame. This distance may be defined with respect to the body-fixed frame as
dPI = R(t)dPB , and is substituted into (13) as:

HCM
I (t) =

∫
V

{R(t)dPB × vCMI (t)}dm+

∫
V

{R(t)dPB × Ṙ(t)dPB}dm. (14)

In order to further simplify the angular momentum equation, the following properties
are used. First, the properties of cross products are defined as follows:

a× b = −b× a (15)∫
~u× ~vdx = ~u×

∫
~vdx = (

∫
~udx)× ~v (16)

(Ax)× (Ay) = (detA)A−T (x× y) (17)

where for a 3 × 3 rotation matrix A, det A = 1 and A−T = A. Second, the rigid body
rotational kinematics, [170], are introduced and given as:

Ṙ(t) = R(t)ω̂B(t) (18)

where ω̂(t) is the skew-symmetric matrix of the angular velocity vector, ω(t), such that:

x̂ =


0 −x3 x2

x3 0 −x1
−x2 x1 0

 , for x =


x1

x2

x3


T

, (19)

x× y = x̂y, (20)

x, y ∈ R3. (21)

These assumptions in (15) – (17), (18), and (19) – (21) and the equality in (11) reduce the
angular momentum in (14) to:

HCM
I =

∫
V

R(t)
[
dPB × ω̂B(t)dPB

]
dm =

∫
V

R(t)d̂PBω̂B(t)dPBdm. (22)

This work was supported in part by NSF CNS-1229236 17
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By defining dPB = [x y z]T and ωB(t) = [p q r]T it can be shown that d̂PB×ω̂B(t)dPB = IωB ,
as shown in [12], where I is the inertial tensor of the rigid body. The inertia matrix for the
rigid body is defined as J =

∫
v
Idm. The final angular momentum is then given as:

HC
I M(t) = R(t)

∫
V

IωBdm = R(t)Jωb(t). (23)

The net external moments and forces in terms of the linear moments and angular mo-
mentum simplifications described in (12) and (23) are then applied to the Newton-Euler
equations in (1) and (2) to find the forces and moments acting on the body with respect to
the inertial frame and are given as follows:

FI(t) = mv̇CMI (t), (24)

MCM
I = ˙R(t)JωB(t) +R(t)Jω̇B(t). (25)

Finally, the forces and moments can be expressed in the body-fixed frame following the
procedure in [12] as:

FB(t) = m
(
ωB(t)× vCMB (t) + v̇CMB

)
, (26)

MCM
B = ωB × JωB(t) + Jω̇B(t). (27)

The helicopter equations of motion described in (26) and (27) are known as the Newton-
Euler equations of motion for a rigid body, where fB = FCMB and τB = MCM

B , and are
given below as:  mI3 0

0 J

 υ̇B

ω̇B

+

 ωB ×mυB

ωB × JωB

 =

 fB

τB

 . (28)

The forces, moments, and translational velocity may be separated into components
corresponding to each of the principal axes of the body-fixed frame as fB = [X Y Z]T ,
τB = [L M N ]T , and vCMB = [u v w]T , respectively. Transforming the gravity vector from
the inertial frame, gI = [0 0 g]T , to body-frame results in gB = RT (t)gI , where:

R =


R11 R12 R13

R21 R22 R23

R31 R32 R33

 . (29)

The equations of motion with respect to the body-fixed frame are given as:

u̇ = rv − qw +R31g +X/m

v̇ = pw − ru+R32g + Y/m

ẇ = qu− pv +R33g + Z/m

ṗ = qr(Jyy − Jzz)/Jxx + L/Jxx

q̇ = pr(Jzz − Jxx)/Jyy +M/Jyy

ṙ = qp(Jxx − Jyy)/Jzz +N/Jzz

(30)
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2.2 Position and Orientation Dynamics

For flight navigation, it is necessary to express the position and orientation of the helicopter
with respect to an Earth-fixed inertial reference frame. To do so, a relationship between
the body-fixed and inertial frames must be established in order to provide a method of de-
scribing the orientation of the frames relative to one another. This relationship is called the
rotation matrix R that represents a series of rotations from the body-fixed frame to the final
orientation of the inertial frame, [34, 170]. The rotation matrix is is typically expressed
in terms of roll (φ), pitch (θ), and yaw (ψ) Euler angles. These rotations must occur in a

specific sequence, . The first rotation moves the helicopter an angle of φ about the k̂ axis,
as seen in Figure 7. The second rotation moves the helicopter an angle of θ about the new ĵ
axis, as seen in Figure 8. Finally, the last rotation moves the helicopter an angle of ψ about
the new helicopter î axis, as seen in Figure 9.

Figure 7: Helicopter yaw motion.

Figure 8: Helicopter longitudinal motions. Figure 9: Helicopter lateral motions.

The final rotation matrix is obtained by multiplying the individual rotation matrices in
(31) following the properties of transformations in [170]. This final rotation is given as
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R = RψRθRφ and is expanded in terms of Euler angles below as:

Rψ =


cosψ sinψ 0

− sinψ cosψ 0

0 0 1

 Rθ =


cos θ 0 − sin θ

0 1 0

sin θ 0 cos θ

 Rφ =


1 0 0

0 cosφ sinφ

0 − sinφ cosφ

 (31)

R(Θ) =


cosψ cos θ cosψ sinφ sin θ − cosφ sinψ sinφ sinψ + cosφ cosψ sin θ

cos θ sinψ cosφ cosψ + sinφ sinψ sin θ cosφ sinψ sin θ − cosψ sinφ

− sin θ cos θ sinφ cosφ cos θ

 (32)

In order to determine the orientation dynamics, the time derivative of the rotation matrix
is determined and is given in Equation 33. The proof may be seen in [170]:

Ṙ = Rω̂B (33)

Next, the time derivative of the rotation matrix in (32), and the relationship in (33),
are used to find the orientation dynamics of the helicopter, given in Equations 34 and 35.
Details on these derivations can be found in [132, 148, 170, 64]. Here, the Euler angles are
denoted by Θ = [φ θ ψ]T :

Θ̇ =


φ̇

θ̇

ψ̇

 = Ψ(Θ)ωB (34)

Ψ(Θ) =


1 sinφ tan θ cosφ tan θ

0 cosφ − sinφ

0 sinφ/ cos θ cosφ/ cos θ

 (35)

The position and velocity dynamics together with the orientation dynamics form the
complete helicopter equations of motion in terms of the helicopter’s body-fixed frame forces
and moments and are given in below as:


ṗI = vI

v̇I = 1
mRf

B

Ṙ = Rω̂B

Iω̇B = −ωB × (IωB) + τB

(36)

Here pI and vI denote the position and linear velocity of the helicopter center of gravity
(CG) with respect to an earth-fixed reference frame. The position and orientation trajectory
dynamics may be obtained by integrating the rigid body dynamics in (30) along through
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the kinematic equations in (36). The inertial position can be found given the body velocities
through ṗI = vI = RvB . The euler rates can be found through the relationship Θ̇ = Ω(Θ)ωb
in (34):

ẋI = cθcψu+ (sθsφcψ − cφsψ)v + (sθcφcψ + sφsψ)w (37)

ẏI = cθcψu+ (cφcψ + sφsψsθ)v + (cθsψsθ − cψsφ)w (38)

żI = −sθu+ cθsφv + cφcθx (39)

φ̇ = p+ sφtθq + cφtθr (40)

θ̇ = cφq − sφr (41)

ψ̇ =
sφ
cθ
q +

cφ
cθ
r (42)

2.3 Forces and Torques

A result of the main and tail rotor rotation is the generation of thrust and torques acting
on the helicopter body. Gravity is also acting on the body of the helicopter, and must be
taken into account while determining the total body forces on the helicopter. The forces
and torques acting on the helicopter are functions of the main rotor thrust, TMR, tail rotor
thrust, TTR, and the main rotor cyclic angles, a1 and b1, [64].

2.3.1 Main Rotor Forces

The thrust generated by the main rotor results in a translational force on the helicopter.
This thrust is perpendicular to the Tip-Path-Plane (TPP), Figure 10, which is the plane
formed by the blade tips. This force vector can be decomposed into components along the
body-frame x, y, and z axis. The magnitude of the thrust vector is represented as TMR. The
components of the main rotor forces as a result of the blade flapping and thrust are given as:

FBMR =


XMR

YMR

ZMR

 =


−TMRsin(a1)

−TMRsin(b1)

−TMRcos(a1)cos(b1)

 (43)

2.3.2 Tail Rotor Forces

Unlike the main rotor, the tail rotor generates a force perpendicular to the rotor hub. The
pilot has no control of the flapping angles. As a result, the resulting force component is in
the y-direction only. The components of the tail rotor thrust are given in (44):

FBTR =


XTR

YTR

ZTR

 =


0

TTR

0

 (44)
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2.3.3 Gravity

The gravitational force on the helicopter is represented in the inertial Earth-fixed frame in
the downward direction. Thus, the gravity vector is given as F Ig = [0 0 mg]T . This force
may be expressed as components with respect to the body-fixed frame as given in (45),
[12, 64, 102].

FBg =


Xg

Yg

Zg

 = R(Θ)F Ig =


−sin(θ)mg

sin(φ)cos(θ)mg

cos(φ)cos(θ)m]cdotg

 (45)

2.3.4 Torques

The torques acting on the body of the helicopter are a result of the forces being offset from
the center of gravity. The relation below defines the relationship between the force (F ),
distance (d) and the resultant torque:

τ = Fd (46)

2.3.5 Main Rotor Torque

For the main rotor torque, the distance offset of the main rotor from the helicopter center
of gravity is defined as [lm, ym, hm]T , [147]. The resulting torque contributed by the main
rotor is given as:


LMR

MMR

NMR

 =


YMRhm − ZMRym

−XMRhm − ZMRlm

XMRym + YMRlm

 (47)

2.3.6 Tail Rotor Torque

For the tail rotor torque, the distance offset of the tail rotor from the helicopter center of
gravity is defined as [lt, 0, ht]

T . The resulting torque contributed by the main rotor is given
by:


LTR

MTR

NTR

 =


YTRht

0

−YTRlt

 (48)
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2.3.7 Main Rotor Drag

The main rotor generates an aerodynamic drag as it rotates. This drag results in a torque,
QMR, [64, 93]. This torque is perpendicular to the TPP and it can be decomposed into
components along the body frame by projecting the torque vector on to the hub plane. The
resultant components are given as:


LD

MD

ND

 =


QMRsin(a1)

−QMRsin(b1)

QMRcos(a1)cos(b1)

 (49)

2.4 Rotor

The helicopter receives most of its propulsive force from the main and tail rotors. The
aerodynamics of the rotors, especially that of the main rotor, are highly nonlinear and
complex. In order to reduce the complexity and simplify the dynamics for use in modeling
and control design, a number of assumptions are considered, [12, 148, 29, 147] as follows:

• Rotor blades are rigid in both bending and torsion

• Small flapping angles

• Uniform inflow across rotor blade, no inflow dynamics used

• Effects of coning, due to flapping angles, is constant

• Forward velocity effect omitted

• Coupling ratio for pitch-flap is disregarded

• Constant rotor speed

The dynamics of the main and tail rotors are controlled by input control commands.
However, they are also affected by the motion of the helicopter. These control commands
are represented by ~uc = [δlon δlat δped δcol]

T . The thrust magnitudes of the main and tail
rotors are controlled by the collective commands δcol and δped, respectively. The main rotor
blade flapping dynamics is controlled by the cyclic inputs δlon and δlat, which control the
tilt of the TPP. Control of the propulsive forces is achieved by controlling the direction and
inclination of the TPP. Thrust produced by the rotor blades is perpendicular to the TPP.

The orientation of the TPP is dependent on main rotor blade flapping dynamics. During
rotation, the blades exhibit a flapping motion, Figure 11, a lead-lagging motion, Figure 12
and a pitching motion of the blade, Figure 13. These motions make-up the rotor blade DoF
and are denoted by β, ξ, and ζ, respectively.

2.4.1 Lift and Drag

The aerodynamic forces on the rotor blade depend on the 3-DoF orientation of the blade
at any time. The blade’s pitch angle, ζ, affects the lift and drag of the blade elements.
The flapping angle of the blade affects the inertial forces on the blade along the direction
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Figure 10: Helicopter Tip-Path-Plane (TPP).

Figure 11: Helicopter blade flapping motion.

Figure 12: Helicopter blade lead-lagging motion.
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Figure 13: Helicopter blade pitching motion.

of the main rotor thrust vector. In determining the lift and drag generated by the main
rotor requires consideration of the blade’s flapping motion, ζ, helicopter forward velocity
with respect to the air, also known as free stream velocity and denoted by V∞, rotation of
the blade about the shaft in the form of angular velocity, Ω, and also the inflow velocity of
air through the rotor, [148]. This total air velocity on the blade, U , can be decomposed into
three components. These components are defined in relation to the plane perpendicular
to the rotor shaft, known as the hub plane. The plane hub frame is defined as Fh =
Oh, ~ih, ~jh, ~kh; where ~ih points backwards towards the tail, ~jh points to the right of the
helicopter, and ~kh points up. Two components are in the hub plane while the third is out of
the plane. All three components are normal to the hub plane. The out of plane component is
perpendicular to the hub plane pointing downward and is denoted by UP , as seen in Figure
14(c). The next component, UT , is parallel to the hub plane and tangential to the blade
in the direction of the blade rotational motion as seen in Figure 14(a) and (d). The last
component, UR, lies on the hub plane and points radially pointing outward in the direction
of and parallel to the blade, as seen in Figure 14(a) and (c). The total air velocity seen by
the blade is given as:

U =
√
U2
T + U2

P . (50)

At any time during flight, the blade experiences a pitch angle, ζ, related to the angle of
attack αb of the blade with respect to the airstream U , which approaches the blade at an
inflow angle φb. This relationship is given by (51), as seen in Figure 15:

ζ = αb + φb. (51)

The UT component is defined in terms of the blade angular velocity and the component
of the free stream velocity in the direction parallel to the hub plane as:

UT = Ωr + V∞cosαhbsinψb. (52)

The UP component is defined in terms of the main rotor flapping, the blade angular velocity,
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(a) Rotor top view. (b) V∞ and vi relative to hub plane.

(c) Rotor side view. (d) 2D blade element.

Figure 14: Air velocity components relative to the blade element. [148]
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the free stream velocity component perpenticular to the blade, and the inflow velocity ui,
and is given as:

UP = rβ̇ + (V∞cosαhbsinψb + Ωr)sinβ + V∞sinαhbcosβ + uicosβ (53)

= rβ̇ + V∞cosαhbsinψbβ + Ωrβ + V∞sinαhb + ui. (54)

It should be noted that here r represents the distance from the rotor shaft along the blade.
It is not to be mistaken for the pitch angular rate.

Figure 15: Helicopter blade cross-section. [148]

The lift and drag on the blade are determined through blade element analysis. By
considering the blade as a two-dimensional airfoil, the lift and drag vectors at each blade
element may be determined. The infinitesimal lift of the blade element dr is given as:

dL = 1/2ρaU
2cbClααbdr. (55)

The infinitesimal drag of the blade element is given as:

dD = 1/2ρaU
2cbCddr. (56)

Here, ρa is the air density, cb is the blade chord, Clα is the blade lift coefficient, CD is the
blade drag coefficient, and αb is the blade angle of attack with respect to the air velocity U .
The total lift and drag may then be derived by integrating along the distance of the blade,
r, from the rotor to the end of the blade length, Rb.

The forces perpendicular and parallel to the hub plane can be expressed in terms of the
lifting and drag forces. These are given in (57) and (58). Since it is assumed that the inflow

angle is very small, sinφb ≈ φb, cosφb ≈ 1 − φ2

2 ≈ 1, and tan ≈ φb. Then, the relationship

between the inflow angle and the air stream velocity components, tanφb = UP
UT

, becomes

φb = UP
UT

. The angle of attack can then be written as αb = ζ − UP
UT

= ζUT−UP
UT

. In addition
to the small inflow angle, the rotor rotational speed is assumed to be high, making the
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perpendicular component of air stream significantly smaller than the tangential component,
UT >> UP . This allows for simplification of the total air stream velocity to U2 = U2

T . In
[12], it is stated that Clα is usually much larger than CD, so much so that the effect of drag
in the perpendicular direction can be neglected.

Using these simplifications, the total force on the blades parallel (F‖) and perpendicular
(F⊥) to the hub plane can be expressed in terms of the lift and drag forces as:

dF‖ = dLsinφb + dDcosφb ≈ φbdL+ dD

=
1

2
ρcbClααbφbU

2dr +
1

2
ρcbCDU

2dr

=
1

2
ρcbClα

(
ζUTUP − U2

P

)
dr +

1

2
ρcbCDU

2
T dr

(57)

dF⊥ = dLcosφb − dDsinφb ≈ dL

=
1

2
ρcbClααbU

2dr

=
1

2
ρcbClα(ζU2

T − UTUP )dr

(58)

Table 1: Lift and drag equations

Force parallel to the hub plane:

dF‖ = 1
2ρcbClα

(
ζUTUP − U2

P

)
dr + 1

2ρcbCDU
2
T dr

Force perpendicular to the hub plane:

dF⊥ = 1
2ρcbClα(ζU2

T − UTUP )dr

Lifting force of blade element:

dL = 1/2ρaU
2cbClααbdr

Drag force of blade element:

dD = 1/2ρaU
2cbCddr

2.4.2 Flapping Dynamics

The total pitch of the blade can be described as in (59), where ζ0 is the collective pitch to
control the thrust of the rotor and ζ1 = Alonδlon and ζ2 = Blatδlat are the linear functions
of the pilot’s lateral and longitudinal cyclic control stick inputs, respectively:

ζ = ζ0 − ζ1cosψb − ζ2sinψb (59)
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As seen in Figure 16, the blade is modeled as a rigid thin plate rotating about the shaft
at an anglar rate of Ω. The angular position of the blade in the hub plane is denoted as
ψb measured from the tail axis. The blade flapping hinge is modeled as a torsional spring
with stiffness Kβ . The moments acting on the blade are due to the lifting force described
in Section 2.4.1, weight of the blade (MW ), the inertial forces acting on the blade (Mi and
Mc), and the restoring force of the spring (MKβ ). Equating all the moments acting on the
blade results in (66). Substituting (61) – (65) into (66) results in (67), where the blade’s
inertia is given by:

Ib =

∫ Rb

0

mbr
2dr (60)

Figure 16: Blade spring model, [148].

MW =

∫ Rb

0

mbgrcosβdr =
1

2
mbgR

2
b (61)

MKβ = −Kββ (62)

ML =

∫ Rb

0

rdFadr =
1

2
ρcbClα

∫ RB

0

r(ζU2
T − UTUP )dr (63)

Mc =

∫ Rb

0

rdFcsinβ =

∫ Rb

0

mbΩ
2r2cosβsinβdr = Ω2βIb (64)

Mi =

∫ Rb

0

rdF i =

∫ Rb

0

mbβ̈r
2dr = β̈Ib (65)

Mi +Mc +MKβ +MW = ML (66)

β̈ + (Ω2 +
Kβ

Ib
+

1

2Ib
mbgR

2
b)β =

1

2Ib
ρcbClα

∫ RB

0

r(ζU2
T − UTUP )dr (67)

The flapping dynamics, β(t) in (68), can be expressed as a Fourier series neglecting the
higher order terms, only keeping the first order harmonics:
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β(t) = a0 − a1cosψb − b1sinψb (68)

Substituting (68), its first and second time derivatives, (54), and (52) into (67), the
equations can then be written as a system of the form ẍ + Dẋ + Kx = F . Here, the state
vector x = [a0 a1 b1]T , the coning, longitudinal tilt, and lateral title angle of the TPP. The
state space representation is given below in (69), where x1 = x and x2 = ẋ: ẋ1

ẋ2

 =

 0 I

−K −D

 x1

x2

 (69)

The TPP dynamics are simplified, [12, 148], by assuming a constant coning angle, dis-
regarding the hinge offset, assuming a zero pitch-flap coupling ratio, and disregarding the
effects of forward velocity. The simplified dynamics are given in (70) for the longitudinal
dynamics and (71) for the lateral dynamics.

τf ȧ = −a− τfq +Abb+Alonδlon (70)

τf ḃ = −b− τfp+Bba+Blatδlat (71)

Here, the time rotor constant, τf , is a function of the angular velocity, Ω, and the Lock
number, γ.

τf =
16

γΩ
(72)

γ =
ρaClαR

4
b

Ib
(73)

Additionally, Ab and Ba are the rotor cross coupling terms:

Ab = −Ba =
8

γ
(λ2b − 1) (74)

and λβ is the flapping frequency ratio:

λ2β =
Kβ

Ω2Ib
+ 1. (75)

2.4.3 Main Rotor Forces

The total thrust and counter-torque produced by the main rotor is a function of the forces
acting on the blades perpendicular and parallel to the hub plane. The expressions are given
as:

Tmr =
Nmb
2π

∫ 2π

0

∫ Rt

0

dF⊥,tcosβdψm (76)

Qmr =
Nmb
2π

∫ 2π

0

∫ Rt

0

ldF‖,tdψm (77)

From here, the individual body-fixed frame components may be determined following
the equations in section 2.3.
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2.4.4 Tail Rotor

Unlike the main rotor, the tail rotor only has a collective pitch, ζt. The tail rotor blade
experiences induced air velocity and has flow components similar to (54) and (52), but with
coefficients and constants specific to the tail rotor. Additionally, the perpendicular and
parallel force components resemble (57) and (58) of the main rotor. The tail rotor thrust
and counter-torque can be found using (78) and (79), [12].

Ttr =
Ntb
2π

∫ 2π

0

∫ Rt

0

dF⊥,tdψt (78)

Qtr =
Ntb
2π

∫ 2π

0

∫ Rt

0

rdF‖,tdψt (79)
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3 Linearization

3.1 Trim

Aircraft in steady flight must operate at some conditions where the forces and moments are
in equilibrium about the center of gravity. This is when the helicopter is in what is known as
trim flight, [147]. Trim conditions correspond to certain trim values of the state and input
variables, given by x0 and δi, respectively. The first step in determining trim values for the
helicopter, is to define the equations of equilibrium and reference flight conditions. These
trim values can be found both analytically, as seen in [147], or numerically, as seen in [152].

Figure 17: Forces and moments on the helicopter in trim flight, [147].

This work was supported in part by NSF CNS-1229236 32



Report No.DU2SRI-2014-04-001

3.2 Linearization

There are two main methods to perform linearization of nonlinear dynamic equations. The
first is to use Taylor series expansion about some initial condition, [64]. The second method
is to follow small perturbation theory. Small perturbation theory is widely used to linearize
the nonlinear helicopter dynamics about a trim flight condition, usually hover. Examples of
this are seen in [39, 147, 148, 152]. In the case of the helicopter dynamics, the total force is
made up of the forces and torques contributed by the various helicopter subsystems. These
forces are either controlled, as a result of the pilot input, or uncontrolled, as a result of the
dynamic parameters. These various forces are listed in Table 2.

Table 2: Input force categorized as controlled versus uncontrolled.

Force Type Notation Description

Controlled fδcol Collective input

fδped Tail rotor collective

fδlat Lateral cyclic

fδlon Longitudinal cyclic

fδthr Throttle

Uncontrolled fu, fv, fw Translational velocities

fp, fq, fr Angular rates

fφ, fθ, fψ Orientation angles

fa1 , fb1 Main rotor cyclic angles

fc1 , fd1 Stabilizer cyclic angles

Small perturbation analysis involves applying a small incremental force, ∆f , resulting
in small perturbations to the dynamics. For the helicopter, the dynamic parameters that
make up the state vector are given in (80), while the dynamic inputs are given by (81).

In most cases, the engine throttle is not controlled by the pilot, but rather remains
constant during flight. As a result, the engine throttle is not included in the input vector.

~x = [u v w p q r φ θ ψ a1 b1 c1 d1 ]
T

(80)

~uc = [δcol δped δlat δlon]
T

(81)

In [39], the forces and moments are defined to be strictly functions of the state and
input variables. This allows for the forces and moments to be defined as linear functions
of the disturbed variables, ∆xi and ∆δi. This combination is seen in (83). Although it
may be desired to retain terms of higher order derivatives or nonlinear terms for the sake of
accuracy and completeness, as in [102], many times only the first order terms are considered.
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It is noted that for small enough motion, the effects of the nonlinear terms (e.g., ∂
2F
∂x2 ), and

derivatives of dynamic parameters, (e.g., u̇, q̇), are insignificant, [138]:

Fx =
∂f

∂x
|x0 =

f(x+ ∆x)− f(x)

∆x
(82)

∆F =
∑
xi∈~x

Fxi ·∆xi +
∑
δi∈~u

Fδi ·∆δi (83)

The derivatives with respect to the controlled inputs are referred to as the control deriva-
tives, while those with respect to the uncontrolled states are known as the stability deriva-
tives. The notation is simplified to ∂f

∂α = Fα. The derivatives are listed in Table 3.

Table 3: Control and stability derivatives.

Derivative Type Notation Description

Control Derivatives Fδcol Collective input

Fδped Tail rotor collective

Fδlat Lateral cyclic

Fδlon Longitudinal cyclic

Fδthr Throttle

Stability Derivatives Fu, Fv, Fw Translational velocities

Fp, Fq, Fr Angular rates

Fφ, Fθ, Fψ Orientation angles

Fa1 , Fb1 Main rotor cyclic angles

Fc1 , Fd1 Stabilizer cyclic angles

The forces and moments of the helicopter dynamics, which drive the rigid body dynamics
in (30), are shown in Table 4. A small increment of each of these forces and moments is
a sum of the derivatives and perturbations, as given in Table 3 and (83), and are given in
(84).

∆X = Xu∆u+Xv∆v + · · ·+Xδcol∆δcol + · · ·
∆Y = Yu∆u+ Yv∆v + · · ·+ Yδcol∆δcol + · · ·
∆Z = Zu∆u+ Zv∆v + · · ·+ Zδcol∆δcol + · · ·
∆L = Lu∆u+ Lv∆v + · · ·+ Lδcol∆δcol + · · ·
∆M = Mu∆u+Mv∆v + · · ·+Mδcol∆δcol + · · ·
∆N = Nu∆u+Nv∆v + · · ·+Nδcol∆δcol + · · ·

(84)

Next, small perturbations are applied to the rigid body dynamics given in (30). It is
assumed that the perturbations and any derivative have very small values. As a result,
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Table 4: Force and moment components.

Force X X component force

Y Y component force

Z Z component force

Moment L Moment about the X-axis

M Moment about the Y-axis

N Moment about the Z-axis

the product of perturbations are subsequently very small, and negligible, [148]. These
assumptions result in the following properties, shown in (86). Applying the perturbed
variable in Table 5 to the the forward velocity component of the rigid body dynamics in
(30) produces to (85).

u0 + ∆u̇ = (r0 + ∆r)(v0 + ∆v)− (q0 + ∆q)(w0 + ∆w)− sin(θ0 + ∆θ)g +
X0 + ∆X

m
(85)

The perturbed dynamic equation for forward velocity can be further simplified by using
the properties in (86).

∆x∆y = 0

cos(∆θ) = 1

sin(∆θ) = ∆θ

sin(θ0 + ∆θ) = sin θ0 + ∆θ cos θ0

sin(θ0 + ∆θ) = sin θ0 + ∆θ cos θ0

(86)

0 = −sinθ0g +X0/m (87)

Table 5: Perturbed Variables

u = ∆u+ u0 p = ∆p+ p0 φ = ∆φ+ φ0

v = ∆v + v0 q = ∆q + q0 θ = ∆θ + θ0

w = ∆w + w0 r = ∆r + r0 ψ = ∆ψ + ψ0

Following this same procedure, and applying the perturbed variables in Table 5 to the
entire set of dynamic equations (30) and (37) – (42), along with the flapping dynamics (70)
– (71) and the tail stabilizing gyro dynamics as given in [124]. The derived set of linear
dynamic equations is given in Tables 6, 7, and 8. This set of dynamic equations is derived
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following procedures from [147, 138, 124, 148, 39]. The dynamics may further be simplified
according to the assumed flight condition (i.e., hover, cruise, turn, etc.).

At trim, it is assumed that the helicopter is operating in hover conditions where, u0 =
v0 = w0 = p0 = q0 = r0 = 0. Additionally, it is assumed that there are no disturbances so
that δu = δu̇ = δθ = δX = u̇0 = 0. Given these assumptions, the forward velocity dynamics
in (85) becomes (87). The set of equilibrium equations are derived and given as:

X0 = mgsinθ0 (88)

Y0 = −mgsinφ0cosθ0 (89)

Z0 = −mgcosθ0cosφ0 (90)

L0 = M0 = N0 = 0 (91)

ẋI = u0cosθ0 (92)

ẏI = 0 (93)

żI = −u0sinθ0. (94)

At level cruise, the trim conditions mimic those of hover except that the intial condition
for translational velocity, usually forward, is set to a non-zero value. In the case of level
forward flight, u0 = u0 6= 0. In [134], the trim condition for a level banked turn is given
using a constant forward velocity, constant yaw angle, and no sideslip.
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Table 6: State Vector ~x

x =
[
u v w p q r φ θ ψ a1 b1 c1 d1 rfb

]T

Table 7: State Space A Matrix



Xu Xv + r0 Xw − q0 Xp Xq − w0 Xr + v0 0 −gcθ0 0 Xa1 0 0 0 0

Yu − r0 Yv Yw + p0 Yp + w0 Yq Yr − u0 gcφ0cθ0 −gsφ0sθ0 0 0 Yb1 0 0 0

Zu + q0 Zv − p0 Zw Zp − v0 Zq + u0 Zr −gsφ0cθ0 −gcφ0sθ0 0 Za1 Zb1 0 0 0

Lu Lv Lw Lp Lq + Jpr0 Lr + Jpq0 0 0 0 0 Lb1 0 0 0

Mu Mv Mw Mp + Jqr0 Mq Mr + Jqp0 0 0 0 Ma1 0 0 0 0

Nu Nv Nw Np + Jrq0 Nq + Jrp0 Nr 0 0 0 0 0 0 0 Nrfb

0 0 0 1 sφ0tθ0 cφ0tθ0 0 Ω/cθ0 0 0 0 0 0 0

0 0 0 0 cθ0 −sθ0 −Ωcθ0 0 0 0 0 0 0 0

0 0 0 0 sφ0
/cθ0 cφ0

/cθ0 (q0sφ0
− r0cφ0

)tθ0/cθ0 (q0cφ0
− r0sφ0

)/cθ0 0 0 0 0 0 0

0 0 0 0 −1 0 0 0 0 −1/τf Ab Ac 0 0

0 0 0 −1 0 0 0 0 0 Ba −1/τf 0 Bd 0

0 0 0 0 −1 0 0 0 0 0 0 −1/τs 0 0

0 0 0 −1 0 0 0 0 0 0 0 0 −1/τs 0

0 0 0 0 0 Kr 0 0 0 0 0 0 0 Krf b



T
h

is
w

o
rk

w
as

su
p
p

orted
in

p
art

b
y

N
S

F
C

N
S

-1229236
37



R
epo

rt
N

o
.D

U
2S

R
I-2014-04-001

Table 8: State Space B Matrix

B :


Xδlat Yδlat Zδlat Lδlat Mδlat Nδlat 0 0 0 Alat Blat 0 Dlat 0

Xδlon Yδlon Zδlon Lδlon Mδlon Nδlon 0 0 0 Alon Blon Clon 0 0

Xδped Yδped Zδped Lδped Mδped Nδped 0 0 0 0 0 0 0 0

Xδcol Yδcol Zδcol Lδcol Mδcol Nδcol 0 0 0 0 0 0 0 0



T

T
h

is
w

o
rk

w
as

su
p
p

orted
in

p
art

b
y

N
S

F
C

N
S

-1229236
38



Report No.DU2SRI-2014-04-001

4 Control Approaches

Considerable research has already been conducted in the area of flight control for rotorcraft.
The platforms used in design of flight control systems and navigational control algorithms
range from full to small scale rotorcraft which can be flown with or without pilot commands
and, especially in early research, may have been mounted on an experimental gimbaled
stand for ease of indoor flight. Advances in both sensing and computing technology has led
to increased precision and reliability as well as significantly higher update rates in necessary
navigational sensors (i.e. GPS, IMUs, etc.) as well as increased processing capabilities for
the flight computer. As a result, along with advancements in control theory, a number of
control strategies have been implemented for various flight modes and maneuvers of the
rotorcraft, validated using numerical simulations and/or experimental results.

Flight controllers typically fit in one of three main categories - linear, nonlinear, or
model-free - depending on the model representation used to describe the dynamics of the
rotorcraft. The dynamics of the rotorcraft are inherently nonlinear, making determination
of a full and accurate model difficult. The rotorcraft is an underactuated system, since there
are significantly fewer control inputs than states to be controlled. There is major dynamic
coupling between the control inputs and the states, that is, each input affects multiple states
and may cause unintended responses. Nonlinear models are the most difficult to identify
and implement due to the complexity of the equations and often high order of polynomial
or differential equation necessary to fully describe the system dynamics. Additionally, there
are a number of phenomena that exist in nonlinear systems, such as the existence of mul-
tiple equilibria and modes of behavior that cannot be described by a linear model. Linear
controllers use a number of assumptions in order to simplify the nonlinear dynamic models.
Usually, this linearization occurs about some particular condition. They also are usually
only valid in a small subset of the entire flight envelope. This limits the capability, maneu-
vers and flight scenarios of linear controllers. Despite their drawbacks, linear controllers are
still the easiest to design and implement. Finally, model-free control designs, as the name
suggests, do not require a model of the helicopter dynamics. Instead, model-free control
designs utilize learning or human based algorithms. These types of controllers tend to rely
heavily on pilot commanded flight testing in order to teach the algorithms to mimic the
human pilot behavior and decision making.

Regardless of the type of flight controller used, the control architectures consist of a
number of interconnected loops in order to control navigation, translational dynamics and
attitude dynamics of the helicopter. For rotorcraft, the attitude dynamics are much faster
than the translational dynamics. Typically, flight controllers are designed with at least two
loops. The inner most loop controls the attitude dynamics. The next outer loop deals
with translational dynamics. An additional outer-most loop may be used for navigational
guidance, such as trajectory generation or tracking. A second approach to the control archi-
tecture is to separate the lateral-longitudinal dynamics from the heave-yaw dynamics. Both
approaches associate the system inputs with a rigid-body dynamic state to be controlled.
These states include translational positions and velocities, angular rates, and attitude an-
gles. However, since rotorcraft are underactuated systems, there are more states than inputs
to the helicopter dynamics. In order to deal with this, many of the helicopter states may be
used as intermediate or virtual inputs to subsequent cascaded loops. Generally, the rotor-
craft main rotor collective and throttle are associated with heave, or altitude. The tail rotor

This work was supported in part by NSF CNS-1229236 39



Report No.DU2SRI-2014-04-001

collective is associated with the yaw motion. Lastly, the main rotor lateral and longitudinal
collectives are associated with the roll and pitch of the helicopter which subsequently result
in lateral and longitudinal translation. A third, less frequently used, approach uses classical
control analysis in order to manipulate system poles and gain or phase margins to stabilize
the helicopter. However, even this structure utilizes multiple loops.

4.1 Control Architecture Structures

Depending on the type of flight maneuver desired to achieve, the design of the control loop
architecture varies. This is due to the assumptions or simplifications that can be made
and the type of reference input to follow. The most common types of flight controllers can
be separated into the following categories: yaw or heading control, attitude or orientation
control, altitude control, velocity control, position control. Each of the control structures
can be designed using simplified dynamic models specific to the navigational dynamic states
and particular flight mode to be controlled. These same controllers may be combined in
order to achieve more advanced maneuvers, such as hover control and trajectory tracking.

4.1.1 Hover Control

Hover control is the most basic of maneuvers. Most linearizations of dynamic models are
done assuming hover conditions. At hover, the goal is to keep the helicopter at a desired
position, sometimes while maintaining a certain heading or yaw rate.

4.1.2 Yaw or Heading Control

The rotorcraft yaw rate or heading can be controlled using the tail rotor collective input.
One important consideration for control of yaw is the possible presence of a yaw-rate gyro
in RC helicopters. These gyros are used to provide stabilization in the yaw channel during
piloted flight and have their own dynamics that are not described by the dynamic equations
of the helicopter. It is possible to create model of the gyro dynamics through comparison
of flight tests with and without the gyro. This is done in [140, 124]. The yaw dynamics
are most easily decoupled for a helicopter in hover, while in translational flight a change
in heading will affect the lateral-longitudinal dynamics. However, for very small changes
in heading or at low enough velocities, the controller can be successful. A basic structure
of a yaw controller, shown in Figure 18, may take in as a reference command a constant
yaw angle or a yaw rate depending on the maneuver to be performed. The control block
represents any time of control that might be used, typically a PID controller.

Figure 18: Yaw control block diagram.
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4.1.3 Attitude or Orientation Control

Attitude control is used to stabilize the orientation of the rotorcraft. A typical attitude
control architecture is shown in Figure 19. This control structure uses the rotorcraft cyclic
inputs for pitch and roll and tail rotor collective for yaw stabilization. Attitude control is
placed as an inner loop. Typically, an attitude controller will either regulate the pitch and
roll only, the yaw only, or all three. This can depend on how the controller will be used in
the FCS, whether as part of a larger control structure, such as one for hover or trajectory
tracking. For a SISO control architecture, a single controller is used for each channel. How-
ever, with MIMO approaches, such as LQR and H∞, a single controller may be responsible
for two or more channels at once. The method of decoupling the dynamics will determine
how these channels can be lumped. However, most approaches keep the pitch and roll angles
together.

Figure 19: Attitude/orientation control block diagram.

4.1.4 Velocity Control

Velocity control is used to ensure that a particular velocity trajectory is achieved. Usually,
this is used for cruise flight in parallel with a heading and attitude controller or in a trajec-
tory tracking scheme in order to generate virtual attitude commands for the inner loop of
the FCS, given desired positions or velocities. A typical architecture for velocity control is
given in Figure 20. For SISO schemes, the control blocks represent individual controllers for
each channel. However, a MIMO control approach can be used. In most cases, the lateral
and longitudinal translational velocities u and v are controlled together. The velocity con-
trol block will generate desired roll and pitch orientation angles or rates in order to achieve
the desired velocity and feed that virtual command to the inner loop attitude controller.

4.1.5 Altitude Control

Altitude control is used to ensure the helicopter maintains a desired height during flight.
The main rotor collective and, if controllable, the engine throttle inputs are regulated in
order to maintain the desired altitude. Sometimes, altitude control is coupled with the inner
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Figure 20: Velocity control block diagram.

loop attitude control and decoupled from the lateral-longitudinal dynamics. This is known
as lateral-longitudinal outerloop and heave-yaw inner-loop control. In this type of structure,
the outer-loop controller produces the reference roll and pitch trajectories for the inner-loop
controller. One such example is given below in Figure 21.

Figure 21: Lateral-longitudinal and heave-yaw control structure.

Another approach uses two individual controller to handle decoupled longitudinal-vertical
and lateral-directional dynamics. This type of structure is shown below in Figure 22.

4.1.6 Position Control and Trajectory Tracking

Position control and trajectory tracking is achieved by providing a desired trajectory refer-
ence to the FCS. In order to achieve this, a combination of velocity, altitude, and orientation
control must be used. This is shown in Figure 23. For position control, it may be desired

This work was supported in part by NSF CNS-1229236 42



Report No.DU2SRI-2014-04-001

Figure 22: Longitudinal-vertical and lateral-directional control structure.

to maintain the helicopter at a particular position. This can be achieved by a two loop
structure. The outermost loop takes the desired position and determined the necessary
helicopter orientation in order to maintain that position. The innermost loop will then de-
termine necessary helicopter control inputs. A three loop structure may also be used. Here
the outer-most loop uses the desired trajectory in order to determine desired translational
velocities. These velocities act as virtual inputs to the middle loop, which determines ideal
attitude trajectories as inputs the the inner-most loop. This inner-most loop determined
the necessary helicopter control inputs. Trajectory tracking may have the additional re-
quirement of maintaining a desired heading trajectory.

Figure 23: Block diagram for trajectory tracking.

4.2 Control Methods

In this section, two main classifications of control methods used in rotorcraft navigation and
control are presented. For each classification, specific methods are presented, giving details
on the theory and how they are used in the overall control architecture. For linear methods,
PID, LQR/LQG,H∞, and gain scheduling techniques are presented. For nonlinear methods,
backstepping, adaptive, model predictive, linearization, and nested saturation techniques
are presented. Table 9 summarizes the advantages and disadvantages of each approach and
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lists typical maneuvers that have been achieved, either in simulation or experimentally, by
various groups. Lastly, a comprehensive overview of the control approaches is given in Table
10.
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Table 9: Comparison of Control Methods

Control Algorithm Advantages Disadvantages Maneuvers

L
IN

E
A
R

PID (SISO)

Easily implemented

Assumes simplified de-
coupled dynamics

Gains can be tuned in
flight

Lacks robustness

Ignores coupling of dy-
namics

Mostly hovered flight

Attitude/Altitude
control

Lateral/ Longitudinal
control

LQG/ LQR

Multivariable capabil-
ities

Used to stabilize both
inner and outer loops

-

Limited to certain
flight conditions

Gain calculation is an
iterative process

-

Hovering

Trajectory tracking

-

H∞

Deals with parametric
uncertainty

Can handle unmod-
eled dynamics can be
used for loop-shaping

High level of math un-
derstanding and com-
putation

Need a reasonably
good system model

Hovering

Trajectory tracking

-

Gain
Scheduling

Larger range of flight
envelope and operat-
ing conditions

Can use a bank of sim-
ple controllers

Requires ability to
store a number of
gains and control
approaches

Transition between
switches might be
unsteady

Hovering

Trajectory tracking

N
O
N
L
IN

E
A
R Back-stepping

Good technique
for underactuated
systems

Need a nonlinear
model

Trajectory tracking

Feedback
Linearization

Can deal with nonlin-
earties while allowing
for application of lin-
ear techniques

-

Higher computational
complexity

Transformed variables
and actual output may
vary greatly

Auto take-off and
landing

Hovering and aggres-
sive maneuvers

Adaptive
Control

Robust technique

Can adapt to unmod-
eled dynamics and
parametric uncer-
tainty

Complex analysis

Need good knowledge
of the system

Formation flight

Vision based naviga-
tion

Model
Predictive
Control
(MPC)

Can predict future be-
havior, to some extent

Can place constraints
on the input

Tracking errors can be
minimized

Prediction model
must be formulated
correctly

-

-

Target tracking

-

-
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4.2.1 Linear PID Controllers

PID controllers are a type of single-input/single-output (SISO) control structure in which
one controlled input is associated with a single output. The PID algorithm consists of three
gains: a proportional, integral, and derivative gain. A great advantage of the PID approach
is the ease of implementation. PID controllers can be implemented without any sort of
model. This method requires multiple flight tests in order to manually tune each of the
gains until a desired response is obtained. While the lack of need for a model may make
this approach appealing, it may become tedious and difficult to obtain desired gains, not to
mention the added risk of failure or crash if improper gains are chosen.

A second approach to the PID structure is to determine a transfer function, which de-
scribes the relationship between the chosen input/output pair to be controlled. Once a
satisfactory function is identified and validated, classical methods may be used to determine
ideal gains for the PID controller. This can include looking at overshoot, settling or rise
times, and even gain and phase margins. Once identified, these ideal gains can be tested
during flight, where they may be manually fine tuned according to the observed response.
These approaches, however, do not directly deal with the time scaling between the inner
loop and outer loop dynamics.

Another structure using PID control requires the use of multiple loops in order to sep-
arately address the inner loop and outer loop dynamics. For this type of control structure
it is necessary to create virtual inputs from outer loops to the inner control loops. Rather
than pairing one of the rotorcraft outputs to a controlled input directly, the outer loops
create virtual inputs to the inner loops in the form of a desired trajectory needed in order to
achieve stability in the outer loop. The inner loops are then tasked to achieve the trajectory
determined by the outer loop. An example is a multi-loop PID (MLPID) controller that
separates the attitude and translational dynamics. In this type of structure, see Figure 20,
the outer loop is tasked with achieving the desired velocity in 3-axis. Because the cyclic
inputs of the helicopter affect the lateral-longitudinal motion of the helicopter most, the
lateral-longitudinal velocity controllers output desired pitch and roll in order to achieve the
referenced velocities. From there, the inner attitude controller will use these as virtual in-
puts in order to determine the necessary controlled inputs to the rotorcraft.

In [18], a cascaded control architecture is used for a 13 state linear model of an R-MAX
helicopter. The proposed controller is based on a cascaded architecture with an inner and
outer loop. However, rather than simply controlling the attitude (inner loop) and tracking
(outer loop), this architecture looks at the poles of the dynamic model in order to stabilize
the system. The helicopter model is derived from [31]. This linear dynamic model, derived
at hover, consists of 14 states which include the linear velocities, angular rates, main rotor
and stabilizer flapping dynamics, yaw rate feedback, main blade coning dynamics and first
derivative, and the inflow. This model is augmented and then reduced for the purpose of
this study to 13 states. For trajectory tracking, the body frame positions are added, rather
than inertia frame which cause nonlinearities. Attitude angles are approximated by time in-
tegrals to remove nonlinearities, valid for small roll and pitch angles. Next, the states which
are not directly measured are removed, except the yaw rate feedback. The final state vector
includes the body frame positions, linear velocities, attitude, angular rates and yaw-rate
feedback. This model is used for the purpose of control synthesis. The control architecture
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consists of three loops. The innermost loop uses a linear quadratic regulator (LQR) con-
troller to stabilize right hand plane poles. A feedback linearization mid loop controller is
used to decouple the input/output pairs. Then a PD controller is used for trajectory track-
ing. The final cascaded controller’s matrices are able to be compute off-line, allowing for
relatively simple implementation in real time. A simplified state estimator is used for real
time implementation to track the yaw-rate feedback parameter. Lastly, guidance waypoints
are transformed to the body frame by a direct cosine matrix. Simulated and experimental
results are presented for a figure 8 trajectory with constant altitude.

In [82, 83], an adaptive controller is designed on a 13 state linear model of the Yamaha
R-Max with decoupled translational and attitude dynamics. A PD compensator is added
to each of the loops.

In [89, 88], a tracking controller is designed for a 12 state LTI model, for the Berkeley
Yamaha R-Max, using a Multi-Loop PID (MLPID) 3 loop architecture. This structure is
similar to that in Figure 23. The inner loop for attitude, middle loop for linear velocity and
the outermost loop for position control. The group compares two control approaches for a
spiral ascent maneuver. Results of a spiral ascent are compared with a Nonlinear Model
Predictive Tracking Controller (NMPTC). The MLPID is able to track the trajectory with
some significant errors compared to the NMPTC.

In [161], a MLPID controller is designed for an 11 states linear model using a 3 loop
architecture shown in Figure 23. The three loops consist of inner attitude, mid velocity and
outer position loop control. Loop gains are acquired using root locus methods for response
speed and damping ratio. In this control scheme, loops may be disabled according to the
flight maneuver. In cruise mode, only velocity and attitude loops are necessary, whereas in
hover mode all loops are needed. Experimental results show adequate performance in hover
for nearly 3 minutes with slight yet acceptable oscillatory motion. A pilot uses velocity con-
trol to take-off and put the helicopter at a necessary altitude, then engages the hover control.

Lastly, in [155], a mixed controller architecture is used for a 2 loop architecture, lat-
eral/longitudinal and attitude/altitude control, capable of hover, positioning and forward
flight at low velocities. Here, PID control is used for the innermost attitude/altitude control.

4.2.2 Linear LQG/LQR Controllers

Linear Quadratic Gaussian (LQG) and Linear Quadratic Regulators (LQR) controllers are
types of optimal feedback controllers that utilize quadratic cost functions. They can be used
in a SISO or multi-input/multi-output (MIMO) structure. Linear quadratic controllers use
full state feedback in order to obtain an optimal input for the system. LQG controllers con-
sists of a LQR controller and a Kalman filter, and is based on separation of control (LQR)
and estimation (Kalman). LQG controllers are meant to operate in the presence of white
noise. LQR controllers seek to find an optimal input that will drive the state to a desired
final state by minimizing a quadratic cost, a function of both the state vector, the input
vector, and two gain matrices.

Linear quadratic controllers have their drawbacks. First, if it is not possible to reach
the final state from the initial state, then it becomes impossible to determine any input
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vector. Additionally, in the case that not all the states are observable, it becomes necessary
to implement a state observer to feedback the missing measurements for full state feedback.
Additionally the output limitations are not considered in the controller design, which may
lead to optimal input vectors beyond the operating conditions of the system.

Despite the drawbacks, LQG and LQR controllers have been implemented in a number of
UAV applications, including rotorcraft. In [16], the LQG controller is used in hover control
of a gimbaled model helicopter and a 6 state linear time-invariant (LTI) model. Simulated
results are presented for both a 3DOF and 6DoF model for hover with pilot commanded
attitude. In [129], an LQG controller with setpoint tracking is developed using this same
linear model for hover and a low velocity regime. Experimental results are presented for
hover stabilization using the 3DoF stand.

In [18], an LQG controller is used on a 13-state linear model of the Yamaha RMAX for
right hand plane stabilization and placed as an innermost loop.

In [53, 123], a LQR controller is used a two loop architecture where the dynamics are
separated into outer longitudinal-vertical and inner lateral-directional dynamics. The outer
loop structure and control design is given in detail in [53], where integrators are added to the
LQR controller in order to drive the forward speed and altitude rate tracking steady-state
error to zero. Because of the limitations of the controller to the operating points assumed
for the purpose of linearization of the dynamics, different gains are designed for a set of for-
ward speeds. The inner loop structure is given in detail in [123]. Here the structure follows
a similar approach to the outer loop, only integrators are added to the sideways velocity
and yaw rate. In both, the LQR control is augmented with feed-forward schemes and notch
filters for shaping of closed-loop responses and to compensate for the slight damping of the
stabilizer bar, respectively.

In [80], a Linear Quadratic Regulator (LQR) based controller of a linearized model at
hover is enhanced with an Unscented Kalman Filter (UKF) for online active model error
approximation between the simplified and full dynamic models. The UKF is used because
of it’s ability to handle nonlinear systems with fast dynamics in online applications. UKFs
use nonlinear models without the need of some heavy computations that are required of
Extended Kalman Filters (EKF). The linearized model consists of 12 states, (linear veloci-

ties, angular rates, attitude and position), and 4 inputs, ~uc = [δcol δped δlat δlon]
T

. Results
are presented for simulations comparing the UKF estimation and true model difference that
show the UKF’s ability to track the true model difference. Secondly, simulation results are
presented that show the ability of the enhanced LQR controller to track a desired trajectory.

In [106], hovering attitude controller is developed from an 8 state linearized model using
a Loop Transfer Recovery (LTR) approach, LQG/LTR.

In [196], a Linear Quadradic Guassian/ Loop Transfer Recovery (LQG/LTR) approach
is used on an RC model helicopter on a mechanical stand that allows 6DoF flight in a
2 meter cube area. The helicopter is modeled as an 18 state linear time-invariant model
which includes positions, linear velocities, attitude angles, angular rates, main rotor flapping
angles, main rotor time constant, induced main and tail rotor velocities, and motor state
(PI for constant speed). Output measurements of position and attitude. The helicopter
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model is then split into two seperate dynamics: 1) the heave/yaw motion and 2) the lat-
eral/longitudinal motion. The former consists of vertical position and speed, yaw angle and
rate, induced velocities, motor state, and rotor speed. The latter consist of side and forward
positions and velocities, roll and pitch angles and rates, main rotor flapping angles. Addi-
tionally, a second order Padè approximation (transfer function) is used before each input to
model the delay of transmitting the controller commands through the multiplexing radio.
This adds 4 states to each subsystem. The controller design goals are to reject disturbances
in the low-frequencies while maintaining a good robustness margin. A cascaded PD con-
troller is used for flight in order to determine necessary model parameters. A PD controller
is added to each input of the system, with a cascade on the forward/pitch and sideways/roll
inputs. Next, a LQG/LTR controller is used, one for each subsystem. The results for the
LQG/LTR show unsatisfactory input-output behavior despite good closed-loop behavior.
This is is somewhat remedied by leading the reference signal statically to the controller
output.

In [155], a mixed 2 loop controller is designed for a 6 state LTI model of an EC Ceoncept
electric RC model helicopter. Here, the outer loop handles lateral-longitudinal control while
the inner loop handles altitude-attitude control. A LQR is used on the inner loop for heave
and yaw control. Simulated results are presented for hover and position control and in a
low velocity regime.

4.2.3 Linear H∞ Controllers

H∞ control is a type of multi-variable robust model based control. One major advantage of
H∞ control is its robustness in the presence of model uncertainties and disturbances. This
quality becomes very useful for highly complex systems. Since complete modeling of the
rotorcraft dynamics is very difficult and a number of assumptions and simplifications are
made in order to obtain a workable dynamic model.

A number of works have applied H∞ controllers for both loop shaping, which uses clas-
sical control approaches, and synthesis, where a feedback gain is determined.

In [16], an H∞ for a 6 state linear model, of a helicopter on a 3DoF stand, is designed for
hover with piloted attitude commands. In this design, the weighting functions are specified
for continuous time, and are chosen so that the yaw dynamics are faster than the pitch and
roll. The controller is discretized using a bi-linear transformation. It is shown in simulated
results that the H∞ controller is able to decouple the modes while maintaining fast dynam-
ics. Experimental results are done with a pilot assistance to place the helicopter in hover,
then engaging the controller and finally providing attitude commands. Overall, the H∞
controller responded quickly on the pitch and roll access with higher damping in the yaw
access, allowing for greater and faster disturbance rejection and reduce cross coupling.

In [103], an H∞ controller is designed for a 30 state linear model of the CMU Yamaha
R-50 helicopter and designed for hover operation. This model includes the 9 rigid body
states, 6 main rotor states, 4 stabilizer bar states, 3 states for Pitt-Peters inflow dynamics,
and 2 states for each of the 4 actuators. This controller uses a 3 loop architecture, as seen
in Figure 23, to perform heading and tracking control. The inner-most loop handles atti-
tude and altitude control. The mid loop handles lateral-longitudinal velocity control. And
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finally, the outer-most loop handles position control in the form of a reference trajectory.
The controller is implemented using four maneuvers: a forward coordinated turn, a back-
ward coordinated turn, a nose-out pirouette, and a nose-in pirouette. In the case of the two
turns the helicopter starts at hover, then the pilot commands forward velocity. Afterwards,
the pilot commands the turn giving a forward velocity, vx, and yaw rate command, ψ̇, while
maintaining zero side-ways velocity, Vy. Since the command is on vx, the x-position loop is
disengaged, however the y-position loop is engaged to drive the tracking error to zero. In the
case of the pirouettes the helicopter starts at hover, then the pilot commands a side-ways
velocity, vy, until the turn is commanded. For this, the controller is given a constant vy and

ψ̇, while maintaining zero vx. Similar to the turns, the y-position loop is disengaged, but
the x-position loop is engaged to drive the error to zero.

In [197], a robust controller that uses H2 and H∞ methods is designed for position
control at hover. The helicopter testbed and model are identical to that in [196]. This
control scheme takes advantage of the fact that the interaction between vertical/yaw motion
and lateral/longitudinal motion of the helicopter is weak at hover in order to design control
of the two systems separately. In the H2 design, an augmented scheme is used and weighting
matrices are presented. In the H∞ design, a a 2DoF design is used for the vertical/yaw
dynamics in order to deal with resonance and reference tracking. For the lateral/longitudinal
dynamics, a weighting scheme is used to shape the sensitivity matrices since the number
of measurements is larger than the number of control signals. Results for each controller
are compared using the static gain and bandwidths. It is shown that the H∞ design shows
higher performance, but with the need of additional knowledge than the H2 design.

4.2.4 Linear Gain Scheduling Controllers

Gain scheduling is a term that describes approaches that seek to switch between various
controllers designed for specific operating conditions. Since linear controllers are designed
through linearization about some operating conditions, it may be necessary to determine
multiple linear models, controller gains, or even control methods in order to be able to
operate the helicopter in a larger flight envelope. Some of the considerations with gain
scheduling is choosing which parameters and operating points will be used to determine the
switching requirements as well as how the switching will occur.

In [172], a switching controller using piece-wise quadratic Lyapunov-like functions is
presented based Mettler’s 13 state linear model of the Yamaha R-50 model parameters
identified for hover and cruise. Simulations are chosen with a simple flight scenario, allow-
ing focus on the switching phenomena for smoothing the transition between hover and cruise.

In [53], an adaptive control scheme using neural networks, linear quadratic regulators,
and notch filters, is designed for various sets of gains. Each set of gains is determined for 6
forward speed values. Switching occurs between the gains once the helicopter enters a new
flight regime.
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Figure 24: Gain scheduling control block diagram.

4.2.5 Nonlinear Controllers

While linear techniques have proven capable of performing maneuvers in hover or low ve-
locity regimes, there are still a number of limitations associated with linearization and
simplification of the dynamics models for the purpose of control law design. By using a
nonlinear dynamic model of the helicopter, new control laws can be designed with greater
capabilities to perform more complex maneuvers at higher velocities. Much of the work
involving nonlinear models includes backstepping, adaptive control, feedback linearization
or dynamic inversion, model predictive control, and nested saturation loops.

4.2.6 Nonlinear Backstepping Controllers

Backstepping is a recursive control method used to find a control Lyapunov function (clf)
for stabilizing nonlinear systems of a lower triangle form, known pure-feedback form, [98].
Design of backstepping controllers starts with looking at creating a feedback control law
and Lyapunov function to a general rigid body model of Newton Euler form with force and
moments as system inputs, [54]. In order to ensure this cascaded structure, it is common
practice to neglect the small parasitic, or small body, forces, [26, 150]. In [26], a con-
troller is presented based on backstepping techniques for an Euler-Lagrange dynamic model
in addition to the traditional Newton-Euler helicopter dynamic model used more commonly.

A theoretical analysis for guaranteed tracking using a Lyapunov based backstepping con-
troller is presented in [115]. The work is continued in [116] on a nonlinear model of the Vario
23cc helicopter. Simulations show the ability of the controller to perform trajectory tracking
for position adjustments while in hover and following an ascending helical trajectory.

In [42], a backstepping controller is presented with the purpose of avoiding artificial
singularities that are caused by representation of the attitude angles using Euler coordi-
nates. The controller uses an approximate model of the helicopter based on [94]. The
helicopter dynamics are modeled using to states, an element matrix representing the heli-
copter orientation and translation vector, and an element of the Lie algebra which contains
the angular and translational velocities in the body axes. The control law is designed with
the objective of tracking a smooth, feasible reference trajectory. The translational dynam-
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ics are controlled with the use of a quadratic Lyapunov function and PD control law in
order to determine desired attitude trajectories. The attitude dynamics are controlled using
backstepping techniques in order to track the reference attitude trajectories and stabilize
the system. Simulated results are presented helicopter undergoing 4 different maneuvers: 1)
point stabilization, 2) point stabilization during inverted flight, 3) trim trajectory tracking
of a climbing turn, and 4) transition to inverted flight. The first two maneuvers show similar
responses. The third manever showed good results, though tracking of a time-parameterized
trajectory resulted in aggressive flying and excessive control effort. The final maneuver shows
the effect of going through the singularity, causing larger deviations in the second half of
the maneuver. However, the results show ability to perform the maneuver.

In [144], a velocity control law based on backstepping techniques is developed for a
nonlinear Newton-Euler dynamic model of a Yamaha R-MAX as part of an overall scheme
to land the helicopter on a moving platform by tracking its velocity. The model includes
forces and torques generated by the main and tail rotors, as well as the flapping and thrust
dynamics. Simulations show the ability of the controller to track a desired velocity.

In [3], a position controller using backstepping is designed for a nonlinear model of an
Eagle UAV, with tune-able parameters for position and velocity control. Again, the model
is derived from Newton-Euler equations of motion and includes models of induced velocity,
thrust, forces and moments, and flapping dynamics of the rotors and flybar. Simulation
shows the ability of the controller to perform position and velocity control.

In [4], backstepping control is used for autonomous landing control using a tether and
correction to the flapping and servo dynamics. In [32], backstepping is used to stabilize
the translational and attitude dynamics for hover and trajectory tracking. Backstepping is
also used to perform trajectory generation for target tracking using a discretized nonlinear
controller in [158]. In [175], backstepping is used in attitude control using a nonlinear model
based on quaternion feedback. Other works involving backstepping include [181, 184, 188,
202, 203].

4.2.7 Nonlinear Adaptive Control

Adaptive control is an area of control law with a wide range of techniques and algorithms.
It seeks to address the issues of parameter uncertainties. This can include parametric,
structural and environmental uncertainties as well as unmodeled or changes in dynamics,
[76, 182]. The goal of an adaptive controller is to adapt itself to changes in these uncertain-
ties based on a desired performance criteria. Adaptive controllers typically include some
class of parameter estimator, or adaptive element, and a control law that adapts according
to the estimation. The various classes of adaptive controllers result from the choice of es-
timator and control law, [75]. This type of control has a great potential for applicability
in a much larger flight envelope than other traditional control approaches. The adaptive
element or parameter estimator uses the input to the plant as well as the output in order
to determine the changes to the control law gains or parameters. This type of structure is
shown in Figure 25. Another type of popular controller utilizes an ideal reference model in
addition to the adaptive element, or parameter estimator. This class of adaptive control is
known as model reference adaptive control (MRAC). The desired system behavior is given
by the reference model and is governed by the reference input. This type of architecture is
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shown in Figure 26.

Figure 25: Adaptive control block diagram.

Figure 26: Model referenced adaptive control block diagram.

In [33], an adaptive nonlinear controller design, presented in [25], is implemented on a
Yamaha R-50 helicopter which utilized approximate inversion linearization. The controller
can be configured for each rotational access as an attitude command attitude hold (ACAH)
scheme or rate command controller. The adaptive element is achieved through the use of
neural networks for online adaptation and to cancel the effects of inversion errors. Real-time
Hardware-in-the-Loop (HIL) testing is performed using piloted commands and visualization
software. The simulations show the controller’s ability for online learning and tolerance of
unmodeled dynamics, noise and delays.

In [63], a high bandwidth inner loop controller for attitude and velocity stabilization is
designed for a Vario X-treme helicopter using L1 adaptive control theory. to test the con-
trollers robustness against uncertainties and disturbances, Von Karman wind models and
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gusts were implemented in simulation. The simulation trajectory included three stages: 1)
sideways translation, 2) helical motion with nose pointed inward, and 3) hover.

4.2.8 Feedback Linearization Controllers

Feedback linearization, also known as Nonlinear Dynamic Inversion (NDI), is a technique
used to find a feedback control law by transforming the nonlinear system dynamics into an
equivalent fully or partial linear form through some algebraic transform. There exist various
levels of feedback linearization, from full state feedback linearization, which yields a fully
linearization, to input-output linearization, where the mapping between inputs and partic-
ular outputs of interest are linearized but the state equations are only partially linearized,
[87]. This method allows the application of linear control techniques to the system.

In [10], a 3DOF reduced-order nonlinear model of a scale model helicopter mounted on
an experimental platform is presented. This is in part of the development of a 7DOF nonlin-
ear model and nonlinear control design for a VARIO Benzin-Trainer scale model helicopter.
Different to this modeling method is the inclusion of the main and tail rotor dynamics in the
Lagrangian equations. Additionally, the inputs are taken as the actual helicopter inputs.
The aerodynamic forces and torques used in the Lagrangian equations are presented. Next,
the dynamics of the helicopter mounted on the experimental platform are derived using
Lagrangian dynamics. Details on the derivation of the dynamics are given in [9]. Next
a linearizing control design is presented on the reduced order model. This reduced order
model only considers the pilot inputs for collective pitch of the main and tail rotors. The
design is split into two phases: 1) start-up and take-off, and 2) vertical flight. Simulation
results show the ability of the controller to track a desired trajectory. However, it is ob-
vious that the design of trajectory is crucial for control design and must be chosen so as
not to saturate the inputs. Experimental results are also presented for stabilization of the
helicopter dynamics for various values of altitude and yaw.

In [19], a theoretical stability analysis is presented for a proposed nonlinear UAV rotor-
craft controller. The controller proposed is a hierarchical controller for position and attitude
control using partial state feedback with time-scale separation between the translational and
orientation dynamics. The proposed controller is analyzed using single perturbation theory,
and is found to be stable.

In [94], output tracking control is investigated. The helicopter dynamic model is derived
from Newton-Euler equations. The controller is based on input/output linearization and by
neglecting coupling between roll/pitch and lateral/longitudinal forces. Positions and head-
ings are chosen as outputs in order to ensure that the approximated system is dynamically
linearizable without zero dynamics. Simulation results are shown for a control based on ex-
act input/output linearization and the approximated input/output linearization presented
here. The results show that the approximate model is able to track the trajectories without
exciting oscillations in the internal model.

In [95], a control design based on differential flatness is presented. This design involves
neglecting the coupling between the rolling/pitching moment and the lateral/longitudinal
forces. The details of the dynamics equations used is given in [94] and are based on
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Newton-Euler equations. An approximate model is presented for control design followed by
an modification for the exact helicopter model under trim flight conditions. The control
scheme features an inner attitude control loop and outer position control loop. The outer
controller consists a mapping function that utilizes the flatness of the outer loop to generate
the inner trajectory. It is assumed that there is an inner controller to drive the error to
zero. For the inner loop two controllers are used. One is for tracking the attitude, and the
other for tracking main rotor thrust. Attitude control is based on feedback linearization.
Simulations are performed in which the controllers are required to achieve hover from an
initial position relatively large compared to the desired origin and turning the heading to
the desired orientation. The results show the controllers ability to drive trajectory error
to zero with the exact model and with the condition that the trajectory is in trim flight
conditions.

In [17], dynamic feedback linearization is used for tracking the longitudinal dynamics.
Feedback linearization is implemented on a Bergen Industrial Twin with compensation of
small body forces in [56] and also combined with nonlinearH∞ in [68] for trajectory tracking.
Incremental nonlinear dynamic inversion is used on an 8 DOF nonlinear model for velocity
reference tracking and attitude control in [165]. Other examples include [157, 163, 181, 184].

4.2.9 Nested Saturation Loops

In [14], a nonlinear controller is designed with the goal of asymptotically tracking a ver-
tical, lateral and longitudinal reference while maintaining a constant yaw angle. This is
done by taking advantage of techniques from [78] and modifying the control structure. The
helicopter model is based on [94]. An external wrench nonlinear model is used to derive

the helicopter dynamics with 5 control inputs, u = [PM PT a b Th]
T

, the main and tail ro-
tor collective pitch, the lateral and longitudinal cyclic angles, and engine throttle control,
respectively. The dynamics are divided into 4 groups: the vertical, attitude, engine, and
lateral/longitudinal dynamics. Quaternions are used to describe the rotation between the
body and inertial reference frames and the helicopter attitude. The controller is designed
to handle large uncertainties in parameters, including vehicle mass, inertia, aerodynamic
coefficients, and the engine model. The inner loop is a high-gain feedback and controls
the attitude dynamics. The outer loop is designed with a nested saturation structure and
controls the lateral/longitudinal dynamics. The attitude dynamics for pitch and roll are
used as virtual inputs to the lateral/longitudinal dynamics and for a virtual control law

which is ”step back” to the actual control inputs v = [a b Th]
T

. The control law developed
is inspired by [77]. Simulations are performed using parameters with assumed uncertainties
of 30%. The chosen trajectory is created using the 3rd order spline interpolation method
and must satisfy bounds on the higher order time derivatives. The trajectory has three
main movements: forward/lateral movement with ascent, lateral movement with descent,
and reverse movement to start position. The simulations show the ability of the controller
to maintain a relatively constant yaw angle while tracking a vertical/lateral/longitudinal
reference trajectory.

In [119], a nonlinear controller is presented with the objective of controlling vertical,
lateral, longitudinal and yaw attitude of a helicopter along a trajectory. The control design
includes a combination of feed-forward control actions, high gain feedback laws, and nested
saturation feedback laws. The control structure consists of an inner loop to govern attitude
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dynamics, and an outer loop to govern the lateral-longitudinal dynamics. It is proposed
that this control structure can achieve very aggressive maneuvers characterized by large
attitude angles. In addition, it is proposed the controller is able to cope with the possibility
of large uncertainties in the physical parameters. The helicopter dynamic model is derived
from Newton-Euler equations of motion of a rigid body. This model includes 5 inputs, the
main and tail rotor collective pitches, the lateral/longitudinal cyclic angles, and the motor
throttle. The desired trajectories are defined as known time profiles with restrictions on the
time derivatives dictated by functional controllability and physical constraints on the in-
puts. Experimental results are presented using a miniature commercial 60 series helicopter.
Nominal values of controller gains are refined by trial an error. An aggressive maneuver
is used to test the controller, which consists of fast forward speed with a constant desired
yaw such that the maneuver required both pitch and roll aggressive attitudes. Altitude is
fixed. A polynomial describing the maneuver is provided. The controller presented a small
tracking error and slight fluctuations. These have been attributed to measurement precision
and model uncertainty.

4.2.10 Nonlinear Model Predictive Controllers

Model predictive control (MPC) is a technique that utilizes a dynamic model of the system
in order to anticipate and predict future behavior of the plant while considering constraints
on states and inputs, [5] This ability to predict future behavior allows for on-line solving
of an optimization problem that minimizes the error over a future horizon. MPC is also
known as moving horizon or receding horizon control (RHC). [89]. The general structure
of an MPC controller is shown in Figure 27.

Figure 27: Model predictive control block diagram

In [89, 88], a nonlinear model predictive tracking controller (NMPTC) is designed for
the Berkeley Yamaha R-MAX. The helicopter model is a 12 parameter nonlinear model of
the Yamaha R-Max. The Model Predictive Controller (MPC), or Receding Horizon Con-
troller (RHC), uses a cost minimization function with gradient descent for trajectory and
tracking control. Simulations in both show the NMPTC is superior over the MLPID for a
spiral ascent in the presence of heavy nonlinearities and coupling along with being robust to
parameter uncertainty. This paper also presents an application to collision avoidance and
vision guided landing. Experimental results are presented in [88].

In [36, 37], a nonlinear MPC is used for auto-rotation landing using a nonlinear model
of the autorotation dynamics of a helicopter which includes the drop rate, altitude, engine
RPM and inflow dynamics.
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In [40], a predictive controller with a disturbance observer is designed for a Hirobo Shut-
tle Plus30 helicopter. The model used is a 10 parameter attitude model. A PID controller
is used for comparison of the controller performance and experimental results are presented
for attitude control using a testbench.

In [110], a piecewise MPC is used on a 14 parameter nonlinear model of a Humming-
bird helicopter. Simulated and experimental results are presented for a square trajectory. In
[112, 113], explicit nonlinear MPC (ENMPC) is used for trajectory tracking using a Trex 250
nonlinear model for square, pirouette and figure-8 trajectories. Both simulated and exper-
imental results are presented. Lastly, nonlinear MPC is presented in [109] for path planning.

Other examples of MPC control include [169, 168].

4.2.11 Other Nonlinear Methods

In addition to the nonlinear control methods discussed, there has been a fair amount of
research introducing new or novel nonlinear techniques to helicopter navigation and sta-
bility control. One such method is sliding mode control, a robust method that forces the
system behavior toward a particular trajectory, known as a sliding surface or manifold, in
a finite amount of time and then maintain that behavior. Sliding mode control has been
shown to be robust against uncertainties, [87]. Examples of sliding mode control include
[23, 43, 166, 185].

Another approach involves using Linear Matrix Inequalities (LMI) in the design process,
such as with H∞ and H2 or optimal control techniques. This can be seen in [62, 122].

Lastly, the use of model-free or learning-based methods, such as Neural Networks and
Fuzzy Control, have been used to augment model-based methods or tune gains. These
approaches include [33, 36, 37? ].
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5 Comparison of Approaches

5.1 Linear Controllers

Table 10: Linear Control Survey

Paper Year Vehicle Model Control Technique Maneuver Results

Ahmed: “Dynamic
Compensation for

Control of a Rotary wing
UAV Using Positive

Position Feedback” [2]

2010 2nd order linear roll and
pitch model based on Hi-
robo ”Eagle” identified at
50 Hz using frequency re-
sponse

Positive Position Feed-
back inner loop with PI
low bandwidth outer loop
controller

Attitude Control
for roll and pitch

Simulation

Antequera: “A Helicopter
Control based on
Eigenstructure

Assignment” [6]

2006 9 state linear model Eigenvalue assignment
(EA) compared with LQR

Hover and low ve-
locities

Simulation compar-
isons

Bai: “Control system
design of a small-scale
unmanned helicopter”

[11]

2010 8 state linear model:
[u v p q φ θ a b]

H∞ loop-shaping for lat-
eral and forward velocity;
outer loop PD for lateral
and forward velocity, in-
ner loop PID for attitude

Forward velocity Simulation results,
summary of flight
testing

Bendotti: “Robust hover
control for a model

helicopter” [16]

1995 EC Concept electric
RC model helicopter
Discretized linear time
invariant model decoupled
at hover with 6 states
(attitude and angular
rates) sampled at 50Hz,
similar to [129]

H∞ and LQG Hover with pilot at-
titude commands

Simulation and ex-
perimental results
using a model heli-
copter on a 3DOF
and 6DOF stand
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continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

Bergerman: “Cascaded
position and heading
control of a robotic

helicopter” [18]

2007 Linear model with 13
states including position
in body frame for R-Max
helicopter

Cascaded position con-
troller with inner loop
to LQG for RHP sta-
bilization, feedback lin-
earization to decouple in-
put/output pairs, and PD
for trajectory tracking

Figure 8 with head-
ing tangential to
path, constant alti-
tude and constant
speed along path

Simulation, HIL,
and flight tests

Budiyono: “Optimal
Tracking Controller

Design for a Small Scale
Helicopter” [22]

2007 Yamaha R-50 linear
model based on [123]
with parameters identi-
fied at hover and cruise:
[u v p q φ θ a b w r rfb c d]

LQR with reference track-
ing and bounded control

Tracking control:
square trajectory
& square to circle
trajectory

Simulation

Cai: “Design and
Implementation of a

Flight Control System for
an Unmanned Rotorcraft

using RPT Control
Approach” [24]

2013 Helion based on Raptor
90-SE

Robust and Perfect Track-
ing with 3-layer control
structure. Inner loop H∞
attitude control and outer
loop translational control

Take-off, hover,
lateral/longitudinal
translation, turn
in place, slalom,
pirouette, turn to
target

HIL simulations
and flight test
results

Chen: “Modeling and
attitude control of the
miniature unmanned

helicopter” [30]

2013 8 state linear model:
[u v p q φ θ a b], identified
with PEM

H∞ loop-shaping Attitude control
(roll and pitch)

Simulated step
response and pi-
lot commanded
attitude reference

Datta: “Digital controller
for attitude control of a

rotary-winged flying
robot in hover” [38]

2009 Bergen Turbine Observer
Linear model from Met-
tler. Helicopter strapped
to a platform

First order compensator
for attitude control

Attitude control Simulation

Continued on next page
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continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

Gadewadikar:
“Structured H∞
Command and

Control-Loop Design for
Unmanned Helicopters”

[44]

2008 Raptor90 SE 11 state lin-
ear model based on [126]

Position control with in-
ner loop orientation and
outer loop tracking con-
trol using H∞ and L2

Hovering, posi-
tion tracking, yaw
tracking

Simulated results

Gadewadikar: “H∞
Static Output-feedback
Control for Rotorcraft”

[45]

2008 Raptor90 SE 11 state lin-
ear model based on [126]

Attitude control using
H∞ loop shaping

Hover and bank an-
gles tracking pitch
and roll

Simulated results
with response to
disturbances

Gavrilets: “Control logic
for automated aerobatic

flight of miniature
helicopter” [50]

2002 X-Cell 60 decoupled
linear model. Lon-
gitudinal/vertical
[u, a1, w, q, zθ] and
Lateral/directional
[v, b, p, r, φ]

LQR with 6 trim points
and notch filter

Roll command and
Vertical ACAH

Flight test

Gavrilets: “Aggressive
Maneuvering Flight Tests

of a Miniature Robotic
Helicopter” [53] MIT

2003 XCell 60 Helicopter
Linearized decoupled
longitudinal-vertical
(4 state, 2 input) and
lateral-directional (4
state, 2 input) dynamics
based on nonlinear model
in [51]

Linear quadratic regula-
tors with feed forwards
schemes to improve tran-
sient response and shape
closed loop response.
Notch filters are added
to reduce gain margin
problems on longitudinal
and lateral cyclics. Gains
were calculated for 6
forward speed values for
switching.

Roll maneuver us-
ing human pilot in-
spired strategy. Pi-
lot engages axial
roll maneuver dur-
ing flight

Experimental re-
sults for a roll
maneuver

Continued on next page
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continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

Godbolt: “Experimental
Validation of a Helicopter

Autopilot Design using
Model-Based PID

Control” [60]

2012 Bergen Industrial Twin PID with feedforward
gravity compensation
tuned in flight

Translational con-
trol

Experimental vali-
dation

Godbolt: “Model-Based
Helicopter UAV Control:
Experimental Results”

[57]

2013 Bergen Industrial Twin PID Attitude Control Experimental
results

He: “Modeling,
identification and robust
H∞ static output

feedback control of lateral
dynamics of a miniature

helicopter” [69]

2011 Lateral dynamic linial
model: [v ψ p b] and
actuator dynamics

Robust H∞ static output
feedback (RHSOF)

Lateral speed
tracking control

Simulation

Ji: “Study on dual-loop
controller of helicopter

based on the robust H∞
loop shaping and mixed

sensitivity” [79]

2011 9 state linear model Dual loop: robust H∞
inner-loop loop-shaping
with outer-loop mixed
sensitivity

Outer loop velocity
control with inner
loop ACAH

Simulation

Jiang: “Enhanced LQR
Control for Unmanned

Helicopter in Hover” [80]

2006 Linear 12 state model for
LQR and nonlinear model
for UKF

UKF enhanced LQR con-
trol

Hover Matlab simulation

*Joelianto: “Model
predictive control for

autonomous unmanned
helicopters” [81]

2011 MPC Trajectory tracking
at hover and cruise

Continued on next page
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continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

Johnson: “Adaptive flight
control for an

autonomous unmanned
helicopter” [82]

2002 Yamaha RMax 13 state
linearized model with
quaternions for control
design and nonlinear
model for simulation

NN Adaptive Element,
PD compensator, Pseudo
Control Hedging and ap-
proximate inversion

Trajectory tracking
and attitude con-
trol

Simulations and
one step command
response during
flight

Kannan: “Adaptive
Trajectory Control for

Autonomous Helicopters”
[83]

2005 GTMax (Yamaha R-MAx
Variant) 13 state lin-
earization of nonlinear
model around hover

PID, Dynamic inversion,
Neural networks

Trajectory and atti-
tude control

Simulation and suc-
cessful flights

Kim: “A flight control
system for aerial robots:

algorithms and
experiments” [88]

2003 12 state LTI model for
MLPID, Nonlinear model
for NMPTC

Multi-Loop PID with
inner/mid/outer loop,
Nonlinear Model Predic-
tive Tracking Controller
(NMPTC) as a tracking
layer

Spiral ascent with
perturbation to sys-
tem dynamics

Simulated and ex-
perimental results

Kureemun: “Helicopter
Flight Control Law
Design Using H∞
Techniques” [99]

2005 Bell 412 9 state
linear model
[u, v, w, p, q, r, ψ, φ, θ]

H∞ control H∞ robust sta-
bilization & loop
shaping, LQR., PI
compensators

Simulated results

La Civita: “Design and
flight testing of a

gain-scheduled H∞ loop
shaping controller for

wide-envelope flight of a
robotic helicopter” [101]

“Design and Flight
Testing of a

High-Bandwidth H∞
Loop Shaping Controller
for a Robotic Helicopter”

[100]

2003 CMU Yamaha R-50 30
state nonlinear model

Gain scheduling and H∞
loop shaping

- Simulation and
flight testing

Continued on next page
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continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

La Civita: “Design and
Flight Testing of an H∞
Controller for a Robotic

Helicopter” [103]

2006 Yamaha R-50. 30 state
model

H∞, 3 loops for heading
and tracking. Position,
velocities, attitude

- -

Lee, Bang: “Model-free
linear quadratic tracking

control for unmanned
helicopters using

reinforcement learning”
[105] “Model-free LQ
control for unmanned

helicopters using
reinforcement learning”

[104]

2011 Model Free LQR tuned with reinforce-
ment learning

Tracking control Simulation

Lee, Shim: “Design of
hovering attitude

controller for a model
helicopter” [106]

1993 8 state linearized model LQR/LTR feedback con-
trol

Hovering flight con-
trol

Simulation and ex-
perimental results
on gimbal-like de-
vice

*Liang: “Combined of
vector field and linear
quadratic Gaussian for
the path following of a

small unmanned
helicopter” [108]

2012 Align T-Rex 600
linear model:
lateral-longitudinal
[u v θ φ p q a b] and
heave-yaw [w r rfb]

LQR with set-point track-
ing

Inner loop control

Lungu: “Optimal control
of helicopter motion”

[114]

2012 Linear model from [44]:
[u v p q ψ θ a b w r]

LQR based optimal con-
trol with linear velocity
and yaw rate error aug-
mentation

Linear velocity
tracking

Simulation

Continued on next page
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Paper Year Vehicle Model Control Technique Maneuver Results

Marantos: “Robust
attitude control for an
unmanned helicopter in
near-hover flights” [117]

“Robust H2 / H∞
Position Tracking control

of an Unmanned
Helicopter for near-hover

flights” [118]

2013 Family of linear mod-
els with inner-loop
[p q r φ θ ψ a b rfb] and
outer-loop [x y z u v w]

Robust H∞/H2 method-
ologies

Attitude control
using multi-section
trajectory

Simulation

Masajedi: “Optimal
Control Designing for a

Discrete Model of
Helicopter in Hover”

[120]

2012 Yamaha R-50 dis-
crete linear model
[u v w p q r φ θ ψ a b]

LQR with integration op-
eration and Kalman ob-
server

Steady-state hover Simulation

Megawati: “Robust
switched linear controller
for multimode helicopter

models” [122]

2011 5 linearized models at trim
for hover, acceleration and
upward flight

Switched LMI/H2 Hover, acceleration,
flying up

Simulation

Mettler: “Attitude
control optimization for a

small-scale unmanned
helicopter” [127] CMU

2000 Yamaha R-50 13 state
linear model w/ frequency
domain identification
(CIFER)

PID attitude control Hover and forward
flight

MATLAB

Mettler: “Attitude
control optimization for a

small-scale unmanned
helicopter” [123] MIT

2002 X-Cell linear model, 4
states lateral-directional
dynamics

Notch filter for dynamic
compensation of stabilizer
bar with PID and LQ
feedback

Roll bank angle Flight test results
for a bank angle
step command

Morris: “Identification
and control of a model

helicopter in hover” [129]
Caltech

1994 EC Concept electric RC
model helicopter with
6 states linear time-
invariant model also used
in [16]

LQG control with setpoint
tracking

Hover and low ve-
locities

Experimental re-
sult of hover using
a 3DOF stand

Continued on next page
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Paper Year Vehicle Model Control Technique Maneuver Results

*Oktay: “Simultaneous
Helicopter and

Control-System Design”
[136]

2013 Linear model based on
[138] at level cruise and
hover

MPC Trajectory tracking
with discontinuous
trajectories

Simulation

*Oktay: “Constrained
predictive control of
helicopters” [135]

2013 PUMA SA330 25 state lin-
ear model around trim de-
tailed in [134]

LQG based Output Vari-
ance Constrained (OVC)
control

Cruise, banekd
turn, helical turn

Simulation

Pan: “PID Control of
Miniature Unmanned

Helicopter Yaw System
based on RBF Neural

Network” [139]

2011 Yaw dynamics 2nd order
transfer function

Radial Basis Function
based PID

Yaw Control Simulation

Peng: “Comprehensive
Modeling and Control of
the Yaw Dynamics of a
UAV Helicopter” [140]

2006 NUSIX Frequency Re-
sponse Identification of
Yaw Dynamics

Linear Feedback Control,
Observer

Yaw Control Simulation

Pieper: “Linear-quadratic
optimal model-following
control of a helicopter in

hover” [142]

1994 Bell 205 linear model LQ optimal model follow-
ing control

Hover Simulated results

Postlethwaite: “Design
and flight testing of

various controllers for the
Bell 205 helicopter” [143]

2005 Bell 205 30 state nonlin-
ear model simplified to 13
states

H∞ frequency domain op-
timization

Simulation and
flight test results

Pradana: “Robust MIMO
Integral-Backstepping

PID Controller for
Hovering Control of
Unmanned Model
Helicopter” [145]

2011 11 state linear model:
[u v w φ θ p q r a b rfb]
based on [123]

Robust H∞ and Integral-
Backstepping PID control

Hover stabilization
under parametric
uncertainties

Simulated

Continued on next page
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Paper Year Vehicle Model Control Technique Maneuver Results

Raptis: “Velocity and
heading tracking control
for small-scale unmanned

helicopters” [149]

2011 Raptor90 SE 11 state
decoupled linear model:
lateral/longitudinal and
heave/yaw

Velocity and yaw tracking Reference trajecto-
ries

X-plane simula-
tions

*Safaee: “System
identification and robust
controller design for the

autopilot of an unmanned
helicopter” [153]

2013 Trex-600 SISO transfer
functions

Robust H2/H∞, mixed
sensitivity

Tracking control Piloted flight re-
sults

*Samal: “Model
predictive flight controller

for longitudinal and
lateral cyclic control of an

unmanned helicopter”
[154]

2012 Vario-XLC decoupled lat-
eral [v p φ b] and longitu-
dinal [u q θ a] models

MPC with time delay and
servo dynamic considera-
tion

Lateral and longi-
tudinal cyclic con-
trol

Simulation at hover
with commanded x-
y positions

Sanchez: “Combining
fuzzy, PID and regulation

control for an
autonomous

mini-helicopter” [155]

2007 X-Cell mini helicopter 14
state model

1)PID, Mamdani-type
Fuzzy Control 2)MTFC,
PID, LQR

1)Attitude/ Al-
titude, Lateral/
longitudinal 2)Lat-
eral/ longitudinal,
Roll/ pitch, alti-
tude/ yaw

Simulation results
for hover and posi-
tion and low speeds

Shim: “A comprehensive
study of control design

for an autonomous
helicopter” [159] Berkeley

1998 Non-linear model at hover PID (8 state model), µ-
synthesis, fuzzy logic, I/O
linearization

– Simulation results

Shim: “Control system
design for

rotorcraft-based
unmanned aerial vehicles
using time-domain system

identification” [161]

2000 Kyosho Concept 60
Graphite 11 state linear
model based on [126]

Multi-loop SISO PID con-
trol

Hover and low-
velocity maneuvers

Experimental data
for hover

Continued on next page
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continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

Shin: “Model-based
optimal attitude and
positioning control of
small-scale unmanned
helicopter” [162] Chiba

University

2005 SF-40 helicopter, 8 state
linear attitude model with
roll, pitch, their rates,
and the main and sta-
bilizer flapping dynamics.
Model adopted from Met-
tler’s model.

MIMO attitude and tra-
jectory controller with
Kalman Filter based
Linear Quadratic Integral
(LQI)

Hover and reference
tracking

Simulation results

*Sira-Ramirez: “A
Liouvillian systems

approach for the
trajectory planning-based

control of helicopter
models” [167]

2000 Lynx heli 9 state model
simplified to LTV model

Louivillan system feed-
back control

Trajectory Track-
ing

Simulation

Sun: “Application of µ /
H∞ Control to Modern

Helicopters” [171]

1994 10 state model Hybrid µ/H∞ - Simulation results

Sutarto: “Switched
Linear Control of a

Model Helicopter” [172]

2006 Yamaha R-50, follows
Mettler for EOM (13
states)

Switched control Hover, cruise Simulation results

Tang: “Static H∞
Loop-Shaping Control for

Unmanned Helicopter”
[179]

2012 AF25B 10 state lin-
ear model at hover:
[ v w p q r φ θ a b]

Static H∞ loop-shaping
output feedback (OPFB)
control with inner loop
ACAH

Hover Simulation

*Teimoori: “Planar
trajectory tracking

controller for a
small-sized helicopter
considering servos and

delay constraints” [183]

2011 Vario-XLC linear model
[154]

LQR with Integral action
(LQI)and LQI with feed
forward (LQIFF) control

Trajectory tracking
of circular trajec-
tory

Simulated compar-
ison of LQI and
LQIFF

Continued on next page
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Paper Year Vehicle Model Control Technique Maneuver Results

Wang: “A
gust-attenuation robust
H∞ output-feedback

control design for
unmanned autonomous

helicopters” [191]

2012 Linear model of inner-loop
[p q a b δlat δlon] and
outer-loop [x y u v p q φ θ]
dynamics

RobustH∞ OPFB control Trajectory Track-
ing with position
tracking of a helical
ascent

Simulation

*Wang: “Robust flight
control of small-scale
unmanned helicopter”
[193] “Robust attitude

tracking control of
small-scale unmanned

helicopter” [192]

2013 THeli 260 roll and pitch
linear SISO models with
frequency response SID
and time-domain valida-
tion

PD with robust compen-
sation

Hover and attitude
control with trajec-
tory tracking

Flight test at
hover and tracking
square trajectory
with constant
heading

Weilenmann: “Test bench
for rotorcraft hover

control” [196]

1994 Graupner Avant Garde
RC model helicopter. 18
state linear model angles.

Channelwise
PD,LQG/Loop Trans-
fer Recovery (LTR),
Modal controllers

Hover and flight
with low velocities

-

Weilenmann: “Robust
helicopter position

control at hover” [197]

1994 Graupner Avant Garde
RC model helicopter. 18
state linear model angles.
[196]

H2 and H∞ Position control -

*Xia: “Finite-horizon
optimal linear control for
autonomous soft landing
of small-scale helicopter”

[198]

2010 12 state linear model
[u v p q φ θ ψ q r x y h]

LQR with two-point
boundary value problem
using: 1) Riccati equation
and 2) transition matrix

Trajectory tracking
and landing

Simulation
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5.2 Nonlinear Controllers

Table 11: Nonlinear Control Survey

Paper Year Vehicle Model Control Technique Maneuver Results

Ahmed: “Flight control
of a rotary wing UAV

using backstepping” [4]

2009 Tethered Eagle RUAV Backstepping Autonomous land-
ing

High fidelity simu-
lation

Avila-Vilchis: “Nonlinear
modelling and control of

helicopters” [10]

2003 VARIO Benzin-Trainer
Scale Model 3DOF Non-
linear model

Linearizing controller de-
sign

Altitude and yaw
stabilization

Simulation for tra-
jectory tracking in
altitude and yaw,
experimentation for
stabilization of alti-
tude and yaw.

Bejar: “Robust Verti-
cal/Lateral/Longitudinal
Control of a Helicopter

with Constant
Yaw-Attitude” [14]

2005 Helicopter model param-
eters from [94] Nonlin-
ear external wrench model
with 5 inputs including
engine throttle.

Nonlinear controller with
high feedback gain inner
attitude control loop and
nested saturation struc-
ture for the outer lat-
eral/longitudinal control
loop.

vertical, lat-
eral/longitudinal
control with con-
stant yaw.

Simulations with
given maneuver
with reference
trajectories satis-
fying bounds on
higher order time
derivatives.

Benitez-Morales: “A
static feedback stabilizer

for the longitudinal
dynamics of a small scale
helicopter including the

rotor dynamics with
stabilizer bar” [17]

2013 Longitudinal dynamic
model: [u w q]

Dynamic Feedback Lin-
earization with Differen-
tial Flatness

Trajectory track-
ing (longitudinal
dynamics)

Simulation

Continued on next page
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continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

Bertrand: “Stability
analysis of an UAV

controller using singular
perturbation theory” [19]

2008 Nonlinear dynamics with
forces and torques as in-
puts.

Nonlinear partial state
feedback control with
time-scale separation
between translational and
orientation dynamics.

Position and atti-
tude control.

Theoretical stabil-
ity analysis is per-
formed. No numer-
ical results.

Butt: “Robust altitude
tracking of a helicopter

using sliding mode
control structure” [23]

2012 Heave-yaw dynamic
model: [z w Ω̇ β β̇]

Lyapunov stability analy-
sis and Sliding Mode con-
trol

Altitude tracking Simulation at hover

Chingozha: “Low cost
controller for small scale

helicopter” [32]

2013 Translational/attitude
dynamic loops

Backstepping Take-off and hover Simulated and ex-
perimental results

Corban: “Implementation
of adaptive nonlinear

control for flight test on
an unmanned helicopter”

[33]

1998 Yamaha R-50 Nonlinear
Model with approximate
inversion linearization.

Adaptive Nonlinear Con-
trol with Neural Networks
and approximate inver-
sion.

Attitude hold, rate
command.

HIL simulations
with pilot com-
mands.

Cunha: “A path following
controller for model-scale

helicopters” [35]

2003 Vario X-treme non-linear
model

Gain scheduling and D-
methodology

Path following Simlation at level
flight, climbing he-
lix and ascending
ramp

Continued on next page
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continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

Dalamagkidis:
“Autonomous

Autorotation of
Unmanned Rotorcraft
using Nonlinear Model

Predictive Control” [36]
“Nonlinear Model

Predictive Control With
Neural Network
Optimization for

Autonomous
Autorotation of Small

Unmanned Helicopters”
[37]

2009,
2011

Thundertiger Raptor
30v2 Vertical autorota-
tion model: [vH z Ω ui]

Nonlinear MPC with Neu-
ral Networks

Autorotation land-
ing

Simulation with
hardware testing

Fan: “Nonlinear
predictive attitude

control with a
disturbance observer of
an unmanned helicopter
on the test bench” [40]

2011 Hirobo Shuttle Plus
30 attitude model:
[φ θ ψ p q r a b c d]

Nonlinear Predictive Con-
troller with disturbance
observer and PID compar-
ison

Attitude control on
a testbench

Experimental

Frazzoli: “Trajectory
tracking control design

for autonomous
helicopters using a

backstepping algorithm”
[42] MIT

2000 Approximate model based
on [94]. New coordinates
defined to deal with singu-
larities.

Backstepping, PD control
law.

Trajectory track-
ing.

Simulation for
point stabilization
with regular and
inverted flight, trim
trajectory tracking
for a turning climb
and transition to
inverted flight.

Continued on next page
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continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

Fu: “Sliding mode control
for a miniature
helicopter” [43]

2011 Trex-250 with offboard
flight controller

Sliding Mode with uni-
directional auxiliary sur-
faces and PID comparison
using 3 nested loops for
position, velocity and at-
titude control and open-
loop rotor dynamic con-
troller

Position Tracking
for take-off and
landing

Experimental reslts

Godbolt: “A novel
cascade controller for a
helicopter UAV with

small body force
compensation” [55]

2013 Bergen Industrial Twin
[60]

Feedback linearization
with small body force
compensation

Trajectory tracking
of a figure-8 trajec-
tory

Simulation

Guerreiro: “Trajectory
tracking H2 controller for
autonomous helicopters:

An application to
industrial chimney
inspection” [62]

2007 Vario X-treme nonlinear
model from Cunha’s 2005
thesis (don’t have cita-
tion)

H2 synthesis with LMI
for parameter varying sys-
tems

Trajectory tracking
of a helical climb

Simulation

Guerreiro: “L1 adaptive
control for autonomous

rotorcraft” [63]

2009 Vario X-treme linear time-
variant model.

L1 Adaptive Control for
inner loop velocity and at-
titude stabilization.

Velocity and atti-
tude control.

Simulation with
sideways trans-
lation, helical
maneuver and
hover.

He: “Acceleration-
Feedback-Enhanced

Robust Control of an
Unmanned Helicopter”

[68]

2010 Nonlinear Feedback linearization
with nonlinear H∞ and
acceleration feedback

Tracking Simulation

Continued on next page
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continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

Isidori: “Robust
nonlinear motion control

of a helicopter” [78]

2003 Nonlinear based on
Newton-Euler, Vario
X-Treme.

L1 Adaptive Control:
high bandwidth inner
loop.

Attitude and veloc-
ity stabilization.

Simulation re-
sults for sideways
translation, helical
climb, hover.

Kim: “Nonlinear model
predictive tracking

control for
rotorcraft-based
unmanned aerial

vehicles” [89]

2002 12 state LTI model for
MLPID, Nonlinear model
for NMPTC

NMPTC and MPLPID Trajectory tracking
and heading control

Simulation of a spi-
ral ascent

Koo: “Output tracking
control design of a

helicopter model based on
approximate

linearization” [94]

1998 Nonlinear model based on
Newton-Euler equations

Input Output lineariza-
tion

Position and head-
ing tracking

Simulated results

Koo: “Differential
flatness based full

authority helicopter
control design” [95]

1999 Nonlinear model based on
[94]

Differential flatness and
feedback linearization

Position and atti-
tude tracking

Simulated results

Leonard: “Robust
Nonlinear Controls of

Model-Scale Helicopters
Under Lateral and

Vertical Wind Gusts”
[107]

2012 7 DOF Lagrangian model
using Tiny CP3 Heli-
copter based on Vario
Benzin Trainer

Robust Feedback lin-
earization and active
disturbance rejection
control (ADJC) based on
extended state observer
(ESO)

Lateral and vertical
gust attenuation

Simulation of hover
with 2 position set
points and vertical
helix. Experimen-
tal of a 5 DOF
[φ θ ψ z γ] stand
with wind gusts

Liu: “Piecewise constant
model predictive control

for autonomous
helicopters” [110]

2011 Hummingbird heli
with 14 state model:
[x y z u v w p q r φ θ ψ a b]

Piece-wise MPC Square trajectory Simulation and
flight-test

Continued on next page

T
h

is
w

ork
w

as
su

p
p

orted
in

p
art

b
y

N
S

F
C

N
S

-1229236
73



R
epo

rt
N

o
.D

U
2S

R
I-2014-04-001

continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

Liu: “Explicit non-linear
model predictive control

for autonomous
helicopters” [112]

2011 Trex 250 Explicit nonlinear MPC
(ENMPC)

Trajectory Track-
ing

Simulation of a
square trajectory
with parameter
uncertainties.
Experimental of
square and figure 8
trajectories.

Liu: “Tracking control of
small-scale helicopters
using explicit nonlinear
MPC augmented with
disturbance observers”

[111]

2012 Trex 250 ENMPC with disturbance
observer

Trajectory tracking
square and pirou-
ette

Simulations and
flight tests

Liu: “Hierarchical path
planning and flight

control of small
autonomous helicopters
using MPC techniques”

[109]

2013 Lateral-longitudinal and
heave-yaw decoupled
dynamics

Hierarchical MPC. Linear
for tracking control. Non-
linear for path planning.

Path planning Experimental

Mahony: “Hover control
via Lyapunov control for

an autonomous model
helicopter” [115]

1999 Vario 23cc Lyapunov based control
using backstepping

Analysis for guar-
anteed tracking

Theoretical analy-
sis

Mahony: “Robust
trajectory tracking for a
scale model autonomous

helicopter” [116]

2004 Vario 23cc Continued from [115]
(Lyapunov based control
using backstepping)

Trajectory tracking
of ascending helix
and position ad-
justments

Simulation

Marconi: “Robust full
degree-of-freedom

tracking control of a
helicopter” [119]

2007 60 series helicopter, non-
linear model based on
Newton-Euler equations

feedforward, high gain
feedback, nested satura-
tion feedback

vertical, lat-
eral/longitudinal,
yaw attitude

Experimental
results

Continued on next page
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continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

Nodland: “Neural
Network-Based Optimal

Adaptive Output
Feedback Control of a
Helicopter UAV” [133]

2013 Nonlinear 6DOF model Neural Networks, Back-
stepping and Lyapunov-
based methods

Trajectory tracking Simulation of take-
off and circular tra-
jectory

Peng: “Design and
Implementation of a Fully

Autonomous Flight
Control System for a

UAV Helicopter” [141]

2007 HeLion, 12 State lin-
earized model

Dynamic Inversion, Pole
Placement, Compos-
ite Nonlinear Feedback
(CNF)

Full Envelope Experimental re-
sults for take-off,
landing, hover and
pirouette

Pota: “Velocity Control
of a UAV using

Backstepping Control”
[144]

2006 Yamaha R-Max Nonlinear
model based on Newton
Euler

Backstepping Velocity control Simulated results

Pota: “Rotary wing UAV
position control using

backstepping” [3]

2007 Nonlinear model for an
Eagle UAV

Backstepping Position and Veloc-
ity control

Simulation for
hover stabilization

Sandino: “Improving
hovering performance of

tethered unmanned
helicopters with nonlinear
control strategies” [157]

2013 Tethered helicopter non-
linear model

Model inversion, PID and
feedforward techniques

Tethered Hover Simulation

Sconyers: “Rotorcraft
control and trajectory
generation for target

tracking” [158]

2011 Discretized nonlinear
model

Backstepping Trajectory gen-
eration for target
tracking

Simulation

Continued on next page
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Paper Year Vehicle Model Control Technique Maneuver Results

Sieberling: “Robust
Flight Control Using

Incremental Nonlinear
Dynamic Inversion and
Angular Acceleration

Prediction” [163]

2010 Nonlinear model of a T-
tail helicopter

Incremental Nonlin-
ear Dynamic Inversion
(INDI) and Angular
Acceleration Prediction

Trajectory gen-
eration for target
tracking

Simulations

Simplicio: “An
acceleration

measurements-based
approach for helicopter
nonlinear flight control

using Incremental
Nonlinear Dynamic

Inversion” [165]

2013 8 DOF Nonlinear Heli-
copter Model

Incremental nonlinear
dynamic inversion with
pseudo control hedging,
see [163]

Velocity refer-
ence tracking and
attitude control

Simlation of heave
and pirouette

Sira-Ramirez:
“Dynamical sliding mode

control approach for
vertical flight regulation

in helicopters” [166]

1994 Xcell 50 on a stand
(parameters from Pallet,
”Realtime Helicopter
Flight Control Tested”),
NL model at hover

Dynamical Sliding Model
control

Altitude control Simulations

*Song: “Active model
based predictive control
for unmanned helicopter
in full flight envelope”

[169]

2010 ServoHeli-20 Active MPC, Generil-
ized Predictive Control
(GPC), and Active Model
Based Stationary Incre-
ment Predictive Control
(AMSIPC)

Hover to cruise
flight mode change

Flight experiments

Continued on next page
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continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

Song: “Active
Model-Based Predictive

Control and
Experimental

Investigation on
Unmanned Helicopters in

Full Flight Envelope”
[168]

2013 ServoHeli-40 Semi-
decoupled linear model
in hover: longitudinal,
lateral, and heave-yaw
dynamics

Active MPC, see [169] Tracking Flight tests

Suzuki: “Attitude
Control of Small Electric

Helicopter by Using
Quaternion Feedback”

[175]

2011 Nonlinear model using
quaternion derivatives,
Euler based rotation
equation and flapping
dynamics.

Backstepping with quater-
nion feedback compared
with Euler based SISO
LQR

Attitude control Simulations and
Experiments

Taamallah: “Optimal
Control For Power-Off

Landing Of A Small-Scale
Helicopter A

Pseudospectral
Approach” [177]

2012 13 state nonlinear model:
[x y z u v w p q r φ θ ψ Ω]

Direct Optimal control
and pseudospectral dis-
cretization

Autorotation land-
ing

Simulation

Tang: “Adaptive height
and attitude control of
small-scale unmanned

helicopter” [181]

2013 AF25B Nonlinear model Adaptive feedback lin-
earization and backstep-
ping

Height and attitude
control

Simulation

Teimoori: “Helicopter
flight control using

inverse optimal control
and backstepping” [184]

2012 Vario XLC Carrier Non-
linear model

Inverse optimal control
and backstepping atti-
tude, velocity and position
control inner/outerloop
structure with input delay
consideration

Trajectory Track-
ing

Simulation

Continued on next page
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continued from previous page

Paper Year Vehicle Model Control Technique Maneuver Results

Teimoori: “Attitude
control of a miniature

helicopter using optimal
sliding mode control”

[185]

2012 Nonlinear model with
normalized quaternions
(Cayley-Rodrigues pa-
rameters)

Optimal sliding mode Attitude control Simulation in hover

Tsai: “Intelligent
adaptive trajectory

tracking control using
fuzzy basis function

networks for an
autonomous small-scale

helicopter” [188]

2011 Nonlinear model based on
[49]

Fuzzy basis Fuzzy Net-
works (FBFN) augmented
adaptive backstepping

Intelligent adaptive
trajectory tracking

Simulation of a he-
lical trajectory with
performance index
comparisons

Yang: “Nonlinear H∞
Decoupling Hover Control

Of Helicopter With
Parameter Uncertainties”

[199]

2003 6DOF hover, 3DOF de-
coupled translational and
rotational dynamics at
hover

Nonlinear H∞ decoupling
using quaternions

6DOF hover control
compared to 3DOF
attitude and veloc-
ity control

Theoretical analy-
sis

Zhang: “Nonlinear
control design and

stability analysis of a
small-scale unmanned

helicopter” [202]

2013 Orientation inner-loop
and translational outer-
loop with flapping dy-
namics

Backstepping Simultaneous
inner/outer-loop
control

Simulation

Zhu: “Adaptive
backstepping control for a

miniature autonomous
helicopter” [203]

2011 Nonlinear model and pa-
rameters from [49]

Adaptive Backstepping 3D Trajectory
Tracking

Simulation
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5.3 Model-Free Controllers

Table 12: Model-free Control Survey

Paper Year Vehicle Model Control Technique Maneuver Results

Abeel: “An application of
reinforcement learning to

aerobatic helicopter
flight” [1] Stanford

2007 XCell Tempest Model-free Model free reinforcement
learning using differential
dynamic programming
(DDP)

Acrobatic maneu-
vers

Successful flights

Prasad: “Adaptive
nonlinear controller

synthesis and flight test
evaluation on an

unmanned helicopter”
[146] GaTech

1999 Yamaha R-50 [33] Ap-
proximate linear model

Inner Loop Rate-
Command/Attitude-Hold
(RCAH): PD, First order
command filter, NN adap-
tive element, approximate
inversion. Outer loop
trajectory tracking.

Take-off, anding,
vertical climb,
hover, forward &
sideways flight,
elliptical turn

Simulation of vari-
ous maneuvers, Ex-
perimental RCAH
with and without
NN.
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